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Abstract 

This paper consists of real and complex affine techniques for studying 
the Abreu equation on toric surfaces. In particular, an interior estimate 
for Ricci tensor is given. 



Contents 

1 Kahler geometry on toric surfaces 3 

1.1 Toric surfaces and coordinate charts 3 

1.2 Kahler geometry on toric surfaces \5 

1.3 The Legendre transformation, moment maps and potential func- 
tions 6 

1.4 The Abreu equation on A 7 

1.5 A special case: C x C* \8 

2 Calabi geometry 8 

2.1 Calabi metrics and basic affine invariants 8 

2.2 Affine transformation rules 9 

2.3 The differential inequality of $ 10 

2.4 The equivalence between Calabi metrics and Euclidean metrics . llC 



Convergence theorems and Bernstein Properties for Abreu equa- 
tions E 

3.1 Basic Definitions 14 

3.2 The convergence theorem for Abreu equations 16 

3.3 Bernstein properties for Abreu equations [19 



Affine blow-up analysis and interior estimates of 

4.1 Affine Blow-up analysis 

4.2 Interior estimate of 



20 
22 



'Corresponding author. 



1 



Complex differential inequalities |25 

5.1 Differential incquality-I 

5.2 Differential inequality-II 

5.3 Differential Inequality-III 



Complex interior estimates and regularities 

6.1 Interior estimate of \& 

6.2 Interior estimate of ||V/||/ 

6.3 Interior estimate of eigenvalues of (/i j ) . . . . 

6.4 Bootstrapping 



Estimates of JC near divisors 

7.1 Affine transformation rules on C x 

7.2 Uniform control of sections . . . . 

7.3 A convergence theorem 

7.4 Proof of Theorem [7J] 



Studying the extremal metrics on compact toric manifolds has been an in- 
teresting project in the complex geometry in the past decade. The project was 
mainly formulated by Donaldson in |23j . Since then, some important progresses 
have been made. In particular, Donaldson( [24 ) completes the study of the 
metrics of cscK( abbreviated for constant scalar curvature) on toric surfaces. 
However, finding the extremal metrics on toric surfaces is still open. In this 
paper and its sequence( [9]), we would study the metrics on toric surfaces with 
prescribed "scalar curvature" function K on the Delzant polytopes. In [5], we 
prove that, for any smooth function K on the Delzant polytope with a mild 
assumption (cf. Definition 1 1.6[) and satisfying certain stability condition, there 
exists a Kahler metric on the toric surface whose "scalar curvature" is K. In 
particular, this includes most of extremal metrics. 

This paper is completely a technique paper which is a preparation for [5]. 
The purpose of the paper is to explain the various techniques and estimates we 
develop for the Abreu equation. Since most of techniques are motivated by the 
studies of affine geometry by the second authors and his collaborators, we call 
the techniques to be the affine techniques. 

As we know, though the equation of extremal metric is on the complex 
manifolds, for the toric manifolds, the equation can be reduced to a real equation 
on the Delzant polytope in real space. The second author with his collaborators 
develops a framework to study one type of 4-th order PDE's which includes 
the Abreu equation(cf. [IOl[IIl[34l|3lffl|4lf44l|47] ) . We call this the real affine 
techinique. This is explained through f}2]-^4l The whole package includes the 
differential inequality of $ (cf. i j2.3l) . the convergence theorem (cf. Theorem 
2.81 and Theorem 13.61 ^3.2[) . the Bernstein properties (cf. £|3.3[) and the affine 
blow-up analysis (cf. @. This technique is very useful to study the equation 
in the interior of the polytope, for example, Theorem 14.21 The Theorem 12.81 
Theorem 1 3 . 6 1 and Theorem 221 are also important for estimates on the boundary. 
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The challenging part of solving the extremal metric is to study the boundary 
behavior of the Abreu equation near the boundary of polytope. For the bound- 
ary of polytopes, they can be thought as the interior of the complex manifold. 
The challenging issue is then to generalize the affine techniques to the complex 
case. In this paper, we make an attempt on this direction. The results we 
develop are enough for us to study the Abreu equations and will be used in [5] . 
We call the technique we develop through 3S}$7] the complex affine technique. 
We develop the differential inequalities for affine-type invariants in 33 as ap- 
plications of these differential inequalities, we establish the interior estimates in 

then in SJZ1 we develop a convergence theorem (Theorem l7.15l) . With the aid 
of blow-up analysis, we are able to establish the estimate of the norm K. of the 
Ricci tensor f (|1.3p ) near the boundary (cf. Theorem 17. ip . Theorem 17.11 is one 
of the most important theorem we need in [9] . 

Acknowledge. We would like to thank Xiuxiong Chen, Yongbin Ruan and 
Gang Tian for their interests in the project and all time supports. We would also 
like to thank Bo Guan and Qing Han for their valuable discussions. The first au- 
thor is partially supported by NSFC 10631050 and NKBRPC (2006CB805905), 
and the second author is partially supported by NSFC 10631050, NKBRPC 
(2006CB805905) and RFDP (20060610004). 

1 Kahler geometry on toric surfaces 

We review the Kahler geometry over toric surfaces. We assume that the readers 
are familiar with toric varieties. The purpose of this section is to introduce the 
notations used in this paper. 

A toric manifold is a 2n-dimensional Kahler manifold (M,cu) that admits 
an n-torus T n Hamitonian action. Let t : M — > t* be the moment map, here 
t = R n is the Lie algebra of T" and t* is its dual. The image A = r(M) is 
known to be a polytope( [22]). In the literature, people use A for the image of 
the moment map. However, to be convenient in this paper, we always assume 
that A is an open polytope. A determines a fan E in t. The converse is not true: 
E determines A only up to certain similarity. M can be reconstructed from 
either A or E(cf. Chapter 1 in [27] and [29]). Moreover, the class of u> can be 
read from A. Hence, the uncertainty of A reflects the non-uniqueness of Kahler 
classes. Two different constructions are related via Legendre transformations. 
The Kahler geometry appears naturally when considering the transformation 
between two different constructions. This was explored by Guillemin( [!§])■ We 
will summarize these facts in this section. For simplicity, we only consider the 
toric surfaces, i.e, n = 2. 

1.1 Toric surfaces and coordinate charts 

Let E and A be a pair of fan and polytope for a toric surface M. For simplicity, 
we focus on compact toric surfaces. Then A is a Delzant polytope in t* and its 
closure is compact. 
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We use the notations in §2.5( [17]) to describe the fan. Let E be a fan given 
by a sequence of lattice points 

{v ,vi,...,v d ~i,v d = V Q } 

in counterclockwise order, in N = Z 2 C t such that successive pairs generate 
the N. 

Suppose that the vertices and edges of A are denoted by 

{tfo, ■ • ■ , $d = M, {4, li, • ■ • , id-i,td = M- 

Here = li C\ l i+ \. 

By saying that E is dual to A we mean that u$ is the inward pointing normal 
vector to li of A. Hence, E is determined by A. Suppose that the equation for 
L is 

k(O:={Z,v i )-\ i = 0. (1.1) 

Then 

A = U|/i(0>°. 0<i<d-l} 

There are three types of cones in E: a O-dimensional cone {0} that is dual 
to A; each of 1-dimensional cones generated by Vi that is dual to each of 
2-dimensional cones generated by {vi,Vi + i} that is dual to We denote them 
by ConeAjCone^ and Cone^ i respectively. 

It is known that for each cone of E, one can associate it a complex coordinate 
chart of M (cf. §1.3 and §1.4 in [27J). Let Ua, and be the coordinate 
charts. Then 

U A = (C*) 2 ; U^asCxC; U* 4 = C 2 . 

In particular, in each Ug i there is a divisor {0} x C*. Its closure is a divisor in 
M, we denote it by Z^. 

Remark 1.1 C* is called a complex torus and denoted by T c . Let z be its 
natural coordinate. T = S 1 is called a real torus. 

In this paper, we introduce another complex coordinate by considering the 
following identification 

T c ^ R x 2V 3 1T; w = \ogz 2 . (1.2) 

We call w = x + 2\/~ly the log-affine complex coordinate(or log-affine coordi- 
nate) ofC*. 

When n = 2, we have 

(C*) 2 ~tx 2^f^^Y 2 . 

Then (z\, z%) on the left hand side is the usual complex coordinate; while (wi, w^) 
on the right hand side is the log-affine coordinate. Write Wi — xi + lyf— ly%. 
Then (21,22) is the coordinate of i. 

We make the following convention. 
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Remark 1.2 On different type of coordinate charts, we use different coordinate 
systems: 

• on Us = C 2 , we use the coordinate [z\,Z2); 

• on \Jg = C x C*, we use the coordinate (zi,W2); 

• on Ua — (C*) 2 , we use the coordinate (wi,w 2 ), or (zi,z 2 ), where Zi — 
e^,i = 1,2. 

Remark 1.3 Smce we study the T 2 -invariant geometry on M , it is useful to 
name a representative point of each T 2 -orbit. Hence for (C*) 2 , we let the points 
on t x 2V^T{1} to be the representative points. 

1.2 Kahler geometry on toric surfaces 

One can read the class of symplectic form of M from A. In fact, Guillcmin 
constructed a natural Kahler form uj and we denote the class by [cj ] and we 
treat it as a canonical point in the class. We call it the Guillemin metric. 

For each T 2 -invariant Kahler form lu e [w ], on each coordinate chart, there 
is a potential function (up to linear functions). Let 

g = {(ffA, 5^,3^)10 < i < d - 1} 

be the collection of potential functions on Ua, and U,^ for u . For simplicity, 
we set g — gA- 

Let C^§(M) be the smooth T 2 -invariant functions of M. Set 
C°°(Af,a; ) = {f |f = g + 0, <f> e Gg(M) and u f > 0} . 

Here 

f = {(/a, fti,M\f* = 9*+4>} and uj f = u> + ^f^dd(f>. 
In the definition, • represents any of A, li, t?j. 

Remark 1.4 Let € Cj§(M) and g be any of g^, ge t , g^- Set f = g + (f>. 
Consider the matrix _ 

m f = (J2g fk ff k )- 

k 

Though this is not a globally well defined matrix on M , its eigenvalues are. Set 
Vf to be the set of eigenvalues and Hj = dctSJtJ 1 . These are global functions 
on M. 

Within a coordinate chart with potential function /, the Christoffcl symbols, 
the curvature tensors, the Ricci curvature and the scalar curvature of Kahler 
metric Wf are given by 



R * = ~dBz- 3 (l0gd6t ifkl)) ' 5 = ^ /"/'V 
respectively. When we use the log-afhne coordinates and restricts on t, 

% - - Wfc ( l0gdet ' 5= -E Oogdet (/.)) . 

We treat 5 as an operator of scalar curvature of / and denote it by S(f). Define 
JC = \\Ric\\ f + \\VRic\\j + \\V 2 Ric\\j (1.3) 

On the other hand, we denote by T k j, R™j and Rq the connections, the 
curvatures and the Ricci curvature of the metric u> respectively. They have 
similar formulas as above. 

When focusing on (J a and using the log-affine coordinate (cf. Remark [TTTj) . 
we have f(x) = g(x) + 4>(x). We find that when restricting on R 2 = M 2 x 
2\/— 1{1}, the Riemannian metric induced from uif is the Calabi metric Gf (cf. 

We fix a large constant K a > 0. Set 

C°°(M,a; ; K ) = {f € C°°(M,uj )\S(f) < K }. 

1.3 The Legendre transformation, moment maps and po- 
tential functions 

Let / be a (smooth) strictly convex function on t. The gradient of / defines a 
(normal) map V-' from t to t* : 



The function u on t* 

u(0 =*•£-/(*)• 

is called the Legendre transformation of /. We write u = L(f). Conversely, 
/ = L{u). 

Now we restrict on Ua- When we choose the coordinate {z\, Z2), the moment 
map with respect to u>f is given by 

Tf : Ua > t — > A (1.4J 

Note that the first map coincides with (|1.2[) . Let u = L(f). It is known that u 
must satisfy certain behavior near boundary of A. In fact, let v = L(g), where 
g is the potential function of the Guillemin metric, then 
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Theorem 1.5 (Guillemin) = J^Ziloglj, where li is defined in Ijl.ip . 
Then u = v + ip, where -0 € C°°(A). Set 

C°°(A,u) = {u\u = v + ip is strictly convex > G C°°(A)}. 

This space only depends on A and we treat w as a canonical point of the space. 

We summarize the fact we just present: let f G C°° (M,ui ), then the moment 
map Tf is given by / = /a via the diagram (ll.4[) and u = L(f) G C°°(A,v). In 
fact, the reverse is also true. This is explained in the following. 

Given a function u G C°°(A,i?), we can get an f G C°°(M,u; ) as the follow- 
ing. 

• On U A , /a = L(u); 

• on U,j, /,9 is constructed in the following steps: (i), suppose that $ is the 
intersection of two edges l\ and £2, we choose a coordinate system (^1,^2) 
on t* such that 

ti = {m = 0}, i = 1, 2, Ac > 0,i = 1, 2}; 
then u is transformed to be a function in the following format 

u' = £1 log £1 + 6 log 6 + V 1 '; 

(ii), /' = L(u') defines a function on t and therefore is a function on 
(C*) 2 C U,9 in terms of log-affine coordinate; (iii), it is known that /' can 
be extended over 11$ and we set to be this function; 

• on Uf, the construction of ft is similar to f$. Reader may refer to §1.5l for 
the construction. 

We remark that u and / = /a are determined by each other. Therefore, all fe, 
fi can be constructed from /. From this point of view, we may write / for f. 

1.4 The Abreu equation on A 

We can transform the scalar curvature operator S(f) to an operator S(u) of u 
on A. Then the equation S(f) = S is transformed to be 

S(u) =5o V". 

The operator S(u) is known to be 

where (U^) is the cofactor matrix of the Hessian matrix (ity), w = (det(itjj)) -1 . 
It is well known that ujf gives an extremal metric if and only if S o V" is a linear 
function of A. Let K be a smooth function on A, the Abreu equation is 

S(u) = K. (1.5) 

We set C°°(A,v;K ) to be the functions in u G C°°(A,t;) with S(u) < K Q . 
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Definition 1.6 Let K be a smooth function on A. It is called edge-nonvanishing 
if it does not vanish on any edge of A. 

In our papers, we will always assume that K is edge-nonvanishing. 



1.5 A special case: C x C* 

Let h* C t* be the half plane given by £1 > 0. The boundary is ^2-axis and we 
denote it by t|. The corresponding fan consists of only one lattice v = (1,0). 
The coordinate chart is Uh* = C x C*. Let Z = Z t * = {0} x C* be its divisor. 
Let v h * = £i log£i + £!• Set 

C°°(hVh*) = {u\u = v h * + i> is strictly convex ,ip £ C°°(h*)} 

and C°°(h* , v^- ; K a ) be the functions whose S is less than K Q . 

Take a function u £ C°°(h* ,v^). Then / = L(u) is a function on t. Hence 
it defines a function on the C* x C* C Uh* in terms of log-affine coordinate 
(w\,W2)- Then the function f\\(zx,W2) := /(log \z± |, Re(v)2)) extends smoothly 
over Z, hence defines on Uh* ■ We conclude that for any u £ C°°(h*, Wh* ) it yields 
a potential function /h on Uh*. 

When we choose the coordinate (z\,W2), the moment map with respect to 
oj f is given by 

Tf : U h > t — > h . (1.6) 

Using t>h* and the above argument, we define a function <?h on U^. 



2 Calabi geometry 

2.1 Calabi metrics and basic affine invariants 

Let f(x) be a smooth, strictly convex function defined on a convex domain 
Vl C M™ = t. As / is strictly convex, 

G := Gf = *^2 fijdxidxj 

defines a Riemannian metric on Q. We call it the Calabi metric. We recall some 
fundamental facts on the Riemannian manifold (f2, G) (cf. [H]). The Levi-Civita 
connection is given by 

r k — - \^ f kl f 
*J — 2 ^ ' 

The Fubini-Pick tensor is 

Then the curvature tensor and the Ricci tensor are 

Rijkl = ^ f mh (AjkmA-hil — AikmAhjl) 
Rik = ^ ' / /"' {AjkmAhil ~ AikmAhji). 
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Let u be the Legendre transformation of / and ft* = V^(f2) C t*. Then it is 

known that : (fi,G/) — > (Q*,G„) is isometric. 

_ i 

Let p = [det(/jj)] ™+ 2 , we introduce the following afBne invariants: 



$ = ^# (2.1) 
P 2 



An(n -l)J = J2 f il f im f kn fijkflmn = J2 u il u im u kn u ijk u lmn . (2.2) 

$ is called the norm of the Tchebychev vector field and J is called the Pick 
invariant. Put 

9 = J + $. (2.3) 
2.2 Affine transformation rules 

We study how the affine transformation affects the Calabi geometry. 

Definition 2.1 By an affine transformation, we mean a transformation as the 
following: 

i:t*xK^t*xK; r?) = (A£, Ary), 

where A is an affine transformation on i* . If A = 1 we call A the base-affine 
transformation. 

Let u be a function on t*. Then A induces an affine transformation on u: 

u*(0 = \u{A-^). 

We write u* by A(u). 

Then we have the following lemma of the affine transformation rule for the 
affine invariants. 

Lemma 2.2 Let u* — A(u) be as above, then 

1. det« J )(e) = A 2 |A|- 2 dct(^)(A- 1 C). 

2. G u .(0 = \G u (A-^); 

s. e u »(o = A- 1 e„(A- 1 0; 

l 5(«*)(0 = A-^XA-^)- 

These can be easily verified. We skip the proof. As a corollary, 

Lemma 2.3 G and 8 are invariant with respect to the base-affine transforma- 
tion. 6 • G and S ■ G are invariant with respect to affine transformations. 
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2.3 The differential inequality of $ 



We calculate A<£> on the Riemannian manifold (ft,Gf) and derive a differential 
inequality. We only need the inequality for the case S(f) = in this paper. 
This is already done in [33]. The following results can be find in [33] (See 
also [ME?]). 



Lemma 2.4 The following two equations are equivalent 

S(f) = 0, 
A P = 



•4||Vp|| 2 G 



(2.4) 
(2.5) 



Theorem 2.5 Let f be a smooth strictly convex function on f2 with S(f) = 0, 
then 



|V$|| 2 G 



2(n- 1) 
(n + 2) 2 



+ 



1 



n- 1 
n- 1 
An 



(V$, Vlog p) 



G 



4> 2 



2.4 The equivalence between Calabi metrics and Euclidean 
metrics 

In this subsection we prove the equivalence between Calabi metrics and Eu- 
clidean metrics under the condition that 9 is bounded above. The equivalence 
is based on Lemma l2~Tl which gives an estimate for eigenvalues of (iHj). A similar 
estimate was first proved in [36] , but the lemma given here is slightly stronger. 

In this section, D a (p) and B a (p) denote the balls of radius a that is centered 
at p with respect to the Euclidean metric and Calabi metric respectively. Simi- 
larly, oIe and d u are the distance functions with respect to the Euclidean metric 
and Calabi metric respectively. 

First we prove the following lemma. 

Lemma 2.6 Let T : £ = £(i),i £ [0,io], be a curve from £(0) =0 to po = £(io)- 
Suppose that < TV 2 along T. Then for any pgf, 



dlogT 



< 2n 2 VN, 



d\og det(uj 



ds 



< (n + 2)VN 



(2.6) 



where T = J2 u i 
metric G. 



and s denotes the arc-length parameter with respect to the 



Proof. For any p £ T, by an orthogonal coordinate transformation, we can 
choose the coordinates such that Uij(p) = XiSij. Denote by X max ( 

resp. X m i n ) the maximal ( resp. minimal ) eigenvalue of (1%). Suppose that, 
at p, 

9 - sr JL 
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Wc have 



i /dry 



2„2 

'3 



< 



n 
T 2 " 



< TV 



U lm U jn U kl UijkU mn i^ U ij a i a j\ 



< An 4 Q Uijaidj = An 4 Q ■ ( — 

Here we use the definition of 6 and J (cf. ([12]) and For the third "<", 

we use the following computation: 

y2u im u jn u M u ijk u m nl = y2u ijk u m nli-SiY- S™T-$j 

— ' — ' Al A, Aj 

Ic i,3,k 



1 



, E(E u «fc) 

1 k i 



2 J_ 

At 



\ \ 2 

, / kA raax 



Therefore, we have the differential inequality 

dlogT 



ds 



< 2n 2 Ve < 2n 2 N. 

< N. Then the lemma follows. 



diogp 
ds 



By the definition of $ and (|2.3p we have 
q.e.d. 

Lemma 2.7 Let u be a smooth, strictly convex function defined mK". Suppose 
that 



Uij (0) = Sij, 6 < N 2 



(2.7) 



Let a > 1 be a constant. Let A m i n (a), A max (a) be the minimal and maximal 
eigenvalues of (?%) in B a (0). Then there exist constants ai,Ci > 0, depending 
only on N and n, such that 

(i) exp(-Cia) < A min (a) < A max (a) < exp(Cia) , in B a (0), 

(ii) D ai (0) c B a (0) c D eMCia) (0). 

Proof, (ii) is the corollary of (i). We now prove (i). Let r : £ = t £ [0, to], 
be any geodesic from £(0) = to po = £(to)- Here t is the Euclid arc-length 
parameter of T from 0. By Lemma 12.61 we obtain 

dlog det (uij) 



dlogT 




< 2n 2 N, 


ds 



ds 



< (n + 2)N. 



11 



where s denotes the arc-length parameter with respect to the metric G. By 
integrating with respect to s, we have 

-exp{-2n 2 Na| < T(q) < nexp{2n 2 Na| 
n 

exp {-(2n 2 + 2)Na} < det(uij)(q) < exp {(2n 2 + 2)Na} 

for any q £ B a (0). The lemma then follows. ■ 

As a corollary, we have 

Theorem 2.8 Suppose that {uk} k x ^ 1 is a sequence of smooth strictly convex 
functions on fl^ C K™ containing and <d Uk < N 2 ; suppose that u k are already 
normalized such that 

u k >u k (0) = 0, df j {u k )(0) = S ij . 

Then for any a > with B atUk (0) C Qfc, u k locally C 2 -uniformly converges to 
a strictly convex function Uqo in -B ajUoo (0). Moreover, if (Qfe, G Uk ) is complete, 
{£loc,Gv,oa) is complete. 

Under the condition that & is bounded, the completeness of Calabi metrics 
and that of Euclidean metrics are equivalent. 

Theorem 2.9 Let 17 C M™ be a convex domain. Let u be a smooth strictly 
convex function on ft with < IM 2 . Then (fl,G u ) is complete if and only if the 
graph of u is Euclidean complete in R n+1 . 

Proof. " =>" . Without loss of generality, we assume that € O and 

u > u(0), Uij{0) = 5ij . 

We will prove that u\an = +oo. Namely, for any Euclidean unit vector v and 
the ray from to dQ along v direction, given by 

£ v :[0,t)^n, e v (s)=sv, ]imUs)£dn, 

s— >t 

we have u{t v (s)) — > oo as s — >• t. 

On [0, t), we choose a sequence of points 

= s < Si < • • • < s k < ■ ■ ■ 

such that d u (£ v (si),£ v (s i+ i j) = 1. Since £1 is complete, the sequence is an 
infinite sequence. Set Ui = u(£ v (si)). We now claim that 

Claim. There is a constant 6 > such that iti+i — Uj > S. 

Proof of claim. We show this for i = 0. By Lemma 12.71 we conclude 
that -Bi(O) contains an Euclidean ball D ai (0). Since the eigenvalue of are 
bounded from below and Vu(0) = 0, we conclude that there exists a constant 6 
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such that u(£) — u(0) > S for any £ G -Bi(O) — D ai (oy In particular, u\ — uq > S. 
Now consider any i. Let p — £ v (si) and q = £ v (si + i). Since the claim is 
invariant with respect to the base-affine transformations, we first apply a base- 
affine transformation such that tiy (p) = Sij . Furthermore, we normalize u to a 
new function u such that p is the minimal point: 

«(£) = «(£) - «(p) - Vu(p)(C - p). 

Then by the same argument as i = case, u(q) — u(p) > S. Moreover 

u(q) — u(p) = u(q) ~ u(p) + Vu(p)(q — p) > u{q) — u(p) > 5. 

Here we use the convexity of u for the first ">". End of the proof of the claim. 

By the claim, Uk > kS and goes to oo as k — > oo. 

"-4=". Wc assume that u > u(0) = 0. Since the graph of u is Euclidean 
complete, for any C > 0, the section 5 U (0, C) is compact (the definition of 
section is given in $3.1$ . Consider the function 



F = exp 



2C 1 l|Vtt||| 



C-uj (l + u) : 



defined in S u (0, C) . F attains its maximum at some interior point p*. We may 
assume ||Vu||g(p*) > 0. Choose a frame field of the Calabi metric G around p* 
such that 

u lJ (p*) = 5i j , \\Vu\\g(p*) = ui(p*), Ui(p*) = 0, i > 2. 
Then at p* , Fi = implies that 

2u i 2Cu i 



1 + u {C-u) 2 



u\ + 2it lit ii = 0. 



Using wi(p*) > and > 0, we conclude that 



<^. (2.8) 



(1 + u) 2 ~ 1 + u 
Note that 

l u ,n| = |riiW,i + Ui\\ = |1 + uinu,i| < 1 + \2nV~J\u t i < 1 + 2nNu j i. 
Substituting this into (|2.8|) and applying the Schwarz's inequality we have 

,,2. 

2 M 2 



< 2 + 8n z N 



(1 + u) 2 

Then < e~ 2 (2 + 8n 2 N 2 ). Since F is maximum at p*, we obtain that 

'2-1' 

||Vlog(l + u)|| G <C 2) (2.9) 



F <C\. Hence in S u (0 c 
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for some constant C2 that is independent of C. Let C — > 00, we have that 
holds everywhere. 

Take a point Pl G 55^(0,0) such that d(0,j?i) = d(0, 55 u (0, C)). Let Z be 
the shortest geodesic from to pi. Following from (|2.9[) we have 



C 2 > ||Vlog(l+«)|| G > 



dlog(l + u) 



ds 



where s denotes the arc-length parameter with respect to the metric G. Apply- 
ing this and a direct integration we obtain 

d(0, Pl ) = Jd s > C^log(l+u)\ pi =C' 2 - 1 log(l + C). 

As C — > 00, we obtain d(0, 8S U (0, C)) — > +00. Hence (O, G u ) is complete, q.e.d. 

3 Convergence theorems and Bernstein Proper- 
ties for Abreu equations 

3.1 Basic Definitions 

In this subsection we review basic concepts of convex domains and (strictly) 
convex functions. 

Let C R 2 be a bounded convex domain. It is well-known (see [28], p. 27) 
that there exists a unique ellipsoid E, which attains the minimum volume among 
all the ellipsoids that contain f2 and that is centered at the center of mass of f2, 
such that 

2-iE C Q C E, 

where E means the 2~i -dilation of E with respect to its center. Let T be 
an affinc transformation such that T(E) = -Di(O), the unit disk. Put O = T(f2). 
Then 

2-iUi(0)cficDi(0). (3.1) 
We call T the normalizing transformation of fi. 

Definition 3.1 A convex domain 11 is called normalized when its center of mass 
is and 2 - f £>i(0) C n C £>i(0). 

Let A : R" — > R™ be an affinc transformation given by A(£) — Aq(£) + oq, where 
Aq is a linear transformation and ao € R™. For any Euclidean vector a, denote 
by I a I the Euclidean norm of the vector a. If there is a constant L > such that 
|cto| < L and for any Euclidean unit vector v 

L- 1 < \A v\<L, 

we say that A is L-bounded. 



14 



Definition 3.2 A convex domain f2 is called L-normalized if its normalizing 
transformation is L -bounded. 

The following lemma is useful to measure the normalization of a domain. 

Lemma 3.3 Let Q C R 2 be a convex domain. Suppose that there exists a pair 
of constants R > r > such that 

D r (o) c n c d r (o), 

then f2 is L-normalized, where L depends only on r and R. 

Proof. Suppose the normalizing transformation T(£) = A(£ — p), where A is a 
linear transformation and p £ il. Then 

T(D R (0)) D 2-*Di(0) => D fl (0)-p D A" 1 (2-i J D 1 (0)) => D 2K (0) D A" 1 (2-i£» 1 
Here, we use the fact p € £)r(0). Therefore for any Euclidean unit vector v 

\Av\ > 2~i RT 1 . 

On the other hand, 

T(D r (0)) C Di(0) => AL> r (0) -4 P C L>i(0) 
In particular, we have — Ap e D\(0). Then 

AD r (0) c £> 2 (0). 
It follows that for any Euclidean unit vector v 

\Av\ < -. 
r 

We get the upper and lower bounds of eigenvalues of A. Furthermore \Ap\ < 1. 
So T is L-bounded for some constant L. q.e.d. 

Let be a convex domain in E 2 . We define its uniform ^-width wdi(Q), 
i = 1, 2 by the following: 

tudi(fi) = max max — wc?2(^)=niax max |£ 2 — Al- 

tera «,«'en|c a ={i=t} ten {|,|'efi|6=li=t} 

Then 

Lemma 3.4 Let Q, be a bounded convex domain in R 2 tuitft f2 C -Db(O). Suppose 
that wdi(d) > a > 0. T/ien fi is L-normalized, where L depends only on a and 
b. 
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Proof. Since wdi has lower bound, there exists a disk of radius r in ft, where 
r depends only on a. Let po be the center of disk. Then by the upper bound of 
wdi h is obvious that fl C D po (2b). Then this lemma is a corollary of Lemma 
EH q.e.d. 

Let m be a convex function on f2. Let p € f2. Consider the set 
{£ € fi|u(0 < u(p) + Vu(p) ■ (£ - p) + a}. 

If it is compact in f2, we call it a section of u at p with height a and denote it 
by S u (p, a). 

In this section, we need an important result from the classical convex body 
theory ( see [5]). Let M be a convex hypersurface in R ,l+1 and e be a subset of 
M. We denote by ^m(c) the spherical image of e. Denote by ctm(c) the area 
(measure) of the spherical image ^Af(e), denote by j4(e) the area of the set e 
on M. The ratio aM{e)/A(e) is called the specific curvature of e. In the case 
n = 2, the following theorem holds (see [5]): 

Theorem 3.5 (Alexandrov-Pogorelov) : A convex surface whose specific 
curvature is bounded away from zero is strictly convex. 

3.2 The convergence theorem for Abreu equations 

In this subsection we prove a very useful convergence theorem for Abreu equa- 
tions^. Theorem l3.6p . Essentially, there are two types of convergence theorems 
in this paper for the Abreu equations. One is to get the convergence by con- 
trolling (cf. Theorem 12. 81) . the other is to get the convergence by controlling 
the sections. Here, we explain the later one. 

Denote by J- (ft, C) the class of convex functions defined on fl such that 

inf u = 0, u = C>0 on dfl, 
Q 

and 

T{Q,C;K ) = {ueT{Q,C)\\S(u)\ < K }. 

We will assume that fl C M 2 is normalized in this subsection. 

The main result of this subsection is the following convergence theorem. 

Theorem 3.6 Let fl C R 2 be a normalized domain. Let ut £ 1; K a ) 

be a sequence of functions and p° k be the minimal point of Uk- Then there 
exists a subsequence of functions, without loss of generality, still denoted by Uk, 
converges to a function and p° k converges to p ^ satisfying: 

(i) there are constants s and C2 such that d^(p^,90) > 2s ; and in Dsip^) 

\\uk\\c 3 - a < C 2 

for any a £ (0, 1); in particular, C 3: " -converges to Uqo in Dsip ^). 

(ii) there is a constant 5 £ (0, 1), such that S Uk (p1,S) C D s {p° OQ ). 
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(Hi) there exists a constant b > such that S Uh (p^.,5) C -Bt>(P/J)- 

Furthermore, if Uk is smooth and C°° -norms of S(uk) are uniformly bounded, 
then Uk smoothly converges to Uoo in D s (p'^ >0 ). 

Remark 3.7 Let Ofc be a sequence of L-normalized convex domain and Uk G 
T{rtk,Ck] K a ) be a sequence of functions. If the sequence of constants Ck sat- 
isfies C _1 < Ck < C for some constant C > 0, then Theorem VS. 6\ still holds. 

Remark 3.8 This theorem with K D — has been proved in ]39f . the proof is 
pure analysis and the calculation is very long. The authors of \39f have pointed 
out that one can use the Alexandrov-P ogorelov Theorem (Theorem 3.5) to give 
a simpler proof. Here we use this idea to give the proof for K Q ^= 0. 

We prove the following proposition, which is equivalent to Theorem 13.61 

Proposition 3.9 Let VL C K 2 be a normalized domain. Let u £ J-(fl,l;K ) 
and p° be its minimal point. Then 

(i) there are constants s and C2 such that ,dtt) > s and in D s (p°) 



for any a € (0, 1); 

(ii) there is a constant S € (0,1), such that S u (p°,S) C D s (p°). 

(Hi) there exists a constant b > such that S u (p°,5) C Bb(p°). 

In the statement, all the constants only depend on K a . 
Furthermore, if u is smooth, then 



where C3 depends on the C°° -norm ofS(u). 

To prove Proposition 13.91 we need some useful lemmas for functions in 



Proposition 3.10 Let u E J^i^l, 1; K ). If there is a constant C\ > such that 



IMIc>.« < c 2 



IMIc~(D e (p°)) - C 3 



F(£l,l;K ). 



in 



Of 1 < det(u. iJ ) < d. 



(3.2) 



Then for any fl* CC fl, p > 2, we have the estimate 



IMIw 4 .J>(n*) < C, |M| C 3,o (fi „) < C, 



(3.3) 



where C depends on n,p, C\,K , dist(fl* ,dfl). 
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Proof. In [8 Caffarelli-Gutierrez proved a Holder estimate of det(uij) for homo- 
geneous linearized Monge- Ampere equation assuming that the Monge- Ampere 
measure fi[u] satisfies some condition, which is guaranteed by (|3.2I) . When 
/ G L°° , following their argument one can obtain Holder continuity of det(uy). 
By Caffarelli's C 2,a estimates for Monge- Ampere equation ( [7]) we have 

IMIc 2 .°(n*) < C 2 - 

Following from the standard elliptic regularity theory we have ||w|| w^cn*) < C. 
By Sobolev embedding theorem we have 

IMIc 3 '°(f2*) < C 2 \\u\\ w i, P ( n ,). 

Then we can obtain the proposition, q.e.d. 

Lemma 3.11 Let u e 7"(0, 1; K a ). Let Q* = V M (0) and f = L(u). For any 
Vl\ CC £1* there is a constant d > such that det D 2 u > d on Vl\ — V^(f2*) , 
where d depends on fl,dE{^* 1 dfl*) 1 diam(fll) and K a . 

This is proved by Li-Jia in [39] . 

Lemma 3.12 Let u € .F(f2, 1;K ). There exists two constants di,d2 > such 
that 

This is proved by Chen-Li-Shcng in [10] , 

For u £ J-"(ri, 1; K ) with u(p ) = 0. Choose R such that 

D R (jp ) D n D S u ( Po , ~). (3.5) 
Then we have the following lemma. 

Lemma 3.13 V u (S u (p , |)) contains the disk D r (0),r — (2i?) -1 . Moreover, 
in D r (0) (i) —1 < f < r; (ii) det(/jj) > d' for some constant d' depending only 
on K . 

Proof. The first statement follows from (|3"3)l . At V"(0), 

A(V ll (0)) = / 2 (V U (0)) = 0, «(0) + /(V"(0)) = 0. 

By the convexity of f, we have inf / = /(V"(0)). Then 

/ > /(V ll (0)) = -«(0) > -1. 

Since f(x) + u(£) = x ■ £, u > and 57 C -Di(O), we have 

f(x) <x-£<r-l = r. 

From (|3.4[) and (i), we know that det(ity) is bounded from above in D r . There- 
fore det(/y ) = [det(ujj)] -1 is bounded from below, q.e.d 
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Lemma 3.14 Use the notations in Lemma \3.13\ Then for any a € (0, 1), there 
is a constant Ci such that in Dr (0) 

||/||c».« < C 2 , (3-6) 
and for any eigenvalue Vf of (fij) 

C2 1 <v f <C 2 . (3.7) 
Proof. If not, we have a sequence of such that in Dj. (0) 

||/fc||c 3 >« °°- 

By (i) of Lemma 13.131 we know that locally uniformly converges to a con- 
vex function f^ on D r (0); and by (ii) of Lemma [3.131 and Theorem 13.51 we 
conclude that /oo is strictly convex on D.j(0). Hence there is a constant b 
such that Sf^ (0, bo) is compact in Di (0). Moreover, in this section, det(D 2 /oo) 
is bounded from above(by Lemma 13. 1 1|) and below(by (ii) of Lemma I3.13j) . 
Hence by Proposition 13. 10( we conclude that the C 3 ' a -norms of fk in the sec- 
tion Sf k (0, ^60) are uniformly bounded by a constant N that is independent of k. 
Instead of considering 0, we repeat the argument for any x £ D a (0) we conclude 
that the C 3 ' Q -norms of fk are uniformly bounded in some section Sf h (x, b x ) for 
some b x . By the compactness of Dz. (0), we conclude that the C 3 ' Q -norms of fk 
in Dr (0) are uniformly bounded. This contradicts to the assumption, q.e.d. 

Proof of Proposition 13.91 From the lower bound of eigenvalues in Lemma 
13.141 there is a constant b such that for any / 

S f (0,b) CCD 5 (0). 

Let Vf = V^(5/(0, b)). Since / is C 2,Q -bounded. Vf must contain a disk D e (p ), 
where e is independent of /. The regularity of u in Vf follows from Proposition 
13.101 (iii) is a direct consequence of (i) and (ii). q.e.d. 

3.3 Bernstein properties for Abreu equations 

When S(u) = 0, we expect that u must be quadratic polynomial under certain 
completeness assumptions. This is called the Bernstein property. 

We state the theorems here. The proof of the theorem can be found in [54] . 

Theorem 3.15 [Jia-Li] Let ft C R" and f : O —> M. be a smooth strictly convex 
function. Suppose that (Cl,Gf) is complete and 

S(f) = -J2f l3 ( l °S^(.D 2 f)) lJ =0 

If n <5, then the graph of f must be an elliptic paraboloid. 

Remark 3.16 If we only assume that f € C 5 , Theorem \3.15\ remains hold. 
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Now we use the convergence theorem 13.61 to prove the following theorem. 

Theorem 3.17 [Li-JiaJ Let u(£i,£2) be a C°° strictly convex function defined 
in a convex domain £1 C R 2 . If 

S(u)=0, u\ 9 n = +oo, 

then the graph of u must be an elliptic paraboloid. 

Proof: We show $ = 0. If the theorem is not true, then there is a point p e M 
such that $(p) > 0. By subtracting a linear function we may suppose that 

«(0>«(p) = o- 

Choose a sequence {Ck} of positive numbers such that Ck — > oo as k — > oo. 
For any > the section S u (p, Ck) is a bounded convex domain. Let 

«fc(0 = Cfc x u(0, fc = l,2,... 

Then 

$u fc (p) = C fe $(p) -> oo, k -> oo. (3.8) 

Let Xfc be the normalizing transformation of S u (p,Ck) = S Uk (p, 1). We obtain 
a sequence of convex functions 

fi*(0 : = u fcC 7 T 1 (£))- 

Let pfe = Tk(p). By Theorem l3.6l we conclude that converges with all deriva- 
tives to a smooth and strictly convex function in a neighborhood of poo, 
which is the limit of pk- Therefore $> Uk (p) = <fra k (Pk) (cf. Lemma l2~2"j) is uni- 
formly bounded, which contradicts to p.8[) . ■ 

4 AfRne blow-up analysis and interior estimates 
of 6 

When considering a sequence of functions with poor convergence behavior, we 
may normalize the domain and the functions such that the new sequence con- 
verges nicely. Such an argument is called the blow-up analysis. In this paper, 
we apply the affine transformations (cf. Definition 12. ip for normalization. This 
is a very powerful tool to estimate affine invariants in various circumstances. 
Hence, we call the technique to be the afhne blow-up analysis. 

4.1 AfRne Blow-up analysis 

Let M. be a set of smooth strictly convex functions on f2. For simplicity, we 
suppose that (Q, G u ) is complete for any u e M. 

Given u € M. , let Q u : Q — > R be a non- negative function which is invariant 
under base-affme transformations(cf Definition 12. Suppose we want to prove 
that there is a constant N, s.t. for any u £ M 

Q u < N < oo. (4.1) 
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We usually argue by assuming that it is not true. Then there will be a sequence 
of functions Uk and a sequence of points Uk such that 

Qu k (Pk) -> oo. (4.2) 

Usually, we perform affine transformation to Uk and get a sequence of normalized 
function Uk to get contradictions (this is already used in the proof of Theorem 
I3.17[) . However, sometimes, we need a more tricky argument to get Uk- This is 
explained in the following remark. 

Remark 4.1 We explain a standard blow-up argument used in our papers. Sup- 
pose that (|4.2I) happens. 

(i) consider the function Fk '■= Q Uk (p)d® (p, dB Pk (1)) in the unit geodesic 
ball BxijPk)- 

Suppose that Qd a is invariant with respect to affine transforma- 
tions in Definition 12. li 

(ii) suppose that Fk attains its maximal at p* k . Set 

d k = ^dipl^dB^pk). 

Then we conclude that 

• Qu k (pt) d k -><». 

• Qu k <2 a QuM) inB dk (p* k ). 

We now restrict ourself on Bd k {p* k ); 

(Hi) without loss of generality, by translation, we set p* k to 0. Now we re- 
normalize functions Uk by proper affine transformations such that for new 
functions, denoted by Uk, satisfy 

QuM = i. 

Then the ball B,j k (0) is normalized to a ball B^(0), where dk — > oo. 

To summarize, we have a sequence of normalized functions Uk and we will study 
the convergence of the sequence to get contradiction. Usually, we conclude that 
Uk uniformly converges to Uoo in a neighborhood of and Qz^ = which 
contradicts to the fact 

lim Qu k (0) = 1. 

k— ¥ oo 

In this final step, we need the aid of convergence theorems. 
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4.2 Interior estimate of 

The purpose of this section is to estimate 6 in a geodesic ball of the boundary 
dA. We use the blow-up analysis explained in Remark |4. II to prove the following 
result. 

Proposition 4.2 Let u be a smooth strictly convex function on a bounded con- 
vex domain fl C M 2 with \\S(u)\\c2(fi) < K , where \\ ■ \\ C 2 denotes the Euclidean 
C 2 -norm. Suppose that for any p G il, 

d u (p,dQ)<N (4.3) 

for some constant N > 0. Then there is a constant C5 > 7 depending only on 
tt, N and K Q , such that 

G(p)d 2 u (p,dn)<C 5 , Vpefi. (4.4) 
Here d u (p,dQ) is the distance from p to dfl with respect to the Calabi metric 



Proof: If not, then there exist a sequence of functions Uk and a sequence of 
points pk such that 

Qu k (Pk)dl k (pk,dQ) -> 00. 

Let B^ be the \d Uk (p k , 9ri)-ball centered at pk and consider the affine-transformation- 
invariant function(cf. Lemma 12. 3[) 

F k attains its maximum at p* k . Put 

d k = l -d Uk {jpt,dB^). 

By adding linear functions we assume that 

u k (p* k ) = 0, Wu k ( P l) = 0. 

By taking a coordinate translation we may assume that p* k has the coordinate 
0. Then (cf. (ii) in Remark gUJ 

. e Ufc (o)d2->oo. 

• S Uk <46 Ufc (0) in^(0). 
By P~3"]l we have 

lim e Ufc (0) = +00. (4.5) 

k— >oo 

We take an affine transformation on u^: 

e = A k t ulie) := \ k u k (A, 1 ?) , 
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where = 6 Ufc (0). Choose A k such that d^u\{Q) = <%. Denote A^ 1 = (&£,■)• 
Then by the affine transformation rule U * (O) = 1, and for any fixed large R, 
when k large enough 

Qui <4 in B%\0). 

Moreover, 

S(uk) 



0. 



By Theorem 12.81 and Proposition ^. 101 one concludes that u£ locally uniformly 
C 3 -converges to a function u^. In particular, there is a Euclidean ball D e (0) 
such that £> e (0) C Afe(fi) as k large enough, thus Ajr 1 D e (0) C 17. It follows that 
for any 1 < i, j ' < 2 



\b%\ < 2dSom(n)e _1 , 
as k large enough. By a direct calculation we have 



(4.6) 



dS(u%) 



Similarly, we have 



0& 



< 8diam(n)e- L \^ L K 



\\S{u* k )\\ C 2 < 128[{diam(n)) 2 



Then by the bootstrap technique we obtain that u£ locally uniformly C 5 - 
converges to with 

5(0 = 0, v<s«,) = o, e ttSo (o) = i. 

Hence by Theorem 13.151 and Remark I3.16[ u^, must be quadratic and 9 = 0. 
We get a contradiction, q.e.d. 

Theorem 4.3 Let u be a smooth strictly convex function on a bounded convex 
domain 17 C M 2 with \\S(u)\\c^(n) < K D , where || • \\ C 2 denotes the Euclidean 
C 2 -norm. Assume that for any p G 17, 



d u (p, <917) < oo. 
Suppose that the height of u is bounded, i.e, 



max u — min u < C4 
q n 



(4.7) 



(4.8) 



for some constant C4 > 0. Then there is a constant C5 > 0, depending only on 
17, C4 and K , such that 



e( P )dl(p,dn)<c 5 , vpen. 



(4.9) 



Here d u (p,dtt) is the distance from p to <917 with respect to the Calabi metric 
G u . 
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Proof. We use affine blow-up analysis as in Thcorcm l4.2l The arguments before 
(|4.5p is the same. Then by (|4.8[) we have 

infitfc -u k {pl) < C 4 . (4.10) 

dQ 

If (|4.5I) holds, then we obtain corollary as in Proposition 14.21 Now we assume 
that @ Uk (0) is bounded above by some constant C\. Then d& — ► oo. By a base- 
afHne transformation we can assume that QyUfc(O) = 6ij. Hence we conclude 
that Uk locally uniformly C 2 -converges to a function and its domain f2°° 
is complete with respect to G U(x . Then by Theorem 12.91 the graph of is 
Euclidean complete. This contradicts to the equation (14. 10[) . q.e.d. 

Remark 4.4 The condition (|4.7[) in Theorem \4.3\ is not necessary. In fact, if 
the condition (|4.7p does not hold, then (fl,G u ) is complete; by using the blow-up 
analysis we can prove that in fl, 

e < c* 

for some constant C > 0; by < C and Theorem \2.9\ we conclude that the 
graph of u is Euclidean complete in R 3 . It contradicts to (|4.8[) . 

Similarly, we can prove that 

Corollary 4.5 Let u be as that in Theorem \4-S\ with one modification: 

||5(«)|| c »(n) < K . 

Then there is a constant C5 > 0, depending only on Q, C4 and K a , such that 

K(p)dl(p,dSi)<c 5 , v P en. (4.11) 

Proof. We replace by Q+K. for the proof of Proposition l4~2l and Theorcm l4.3l 
Follow word by word until the very last step. We need |S , (u)|c , 3 to conclude the 
converges of JC, then we get (0 + /C) u * o (O) = 1 by convergence. This contradicts 
to the Berstein property as before, q.e.d. 

In the proof, we use the fact that and K. share the same affine transfor- 
mation rule. Though || V log <S(u) || 2 share the same affine transformation rule as 
them, the proof can not go through since it is not well defined when S{u) = 0. 
We need more arguments. 

Corollary 4.6 Let u be as that in Theorem \4--S\ with one extra condition: 

\S(u)\ >S>0. 

Then there is a constant C5 > 0, depending only on Q, C4 and K , such that 

||VlogS( U )|| 2 (p)^(p,dtt)<C 5 , Vpefi. (4.12) 
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Proof. Let F(p) := | V log S(u)\\ 2 (p)d 2 (p, dfi). If F has no uniform upper 
bound, then there is a sequence u k of functions such that F k {pk) = rnaxn F k 
and lim Fk(pk) = oo. Since Fk is an affine invariant function, by a sequence of 

k— >oo 

affine transformations 

e = A k t uut) ■■= (A^e) , 

we can assume that 

d(pt,dQ) = l, dl j ul(pl)=5 ij , u*>u*(pt) = 0. 

Using Theorem 14. 31 we have 0(u£) < 4Cs in Bi(pJ). By the same argument of 
Proposition 14.21 we conclude that p* k converges to p^ and u k C 3 ' Q -converges to 
u in D e (poo), and (|4.6p still holds. Since 

\\vio g s(un\\i* = \\vio g s(u)\\i.=j2 u * ijd * k 96 9l0g5(M)9l0g ' s(u) 



0£ a& 



by (14.61) . ||<S(u)||c2(0) < and |<S(u)| > (5 we conclude that F fe has uniform 
upper bound. It contradicts to the assumption, q.e.d. 

5 Complex differential inequalities 

In this section we extend the affine techniques to real functions defined on a 
domain f2 c C™. Denote 

TZ^ifl) := {/ G C°°(n) | / is a real function and (/-) > 0}, 

where (/-) = • For / G K°°(n), (fi.W/) is a Kahler manifold. 

For the sake of notations, we set 

W = det(f s t), F = logdet(/ sf ), (5.1) 

Introduce the functions 

* = ||VV , ||^, P = cxp{ K W a )Vw^>, (5.2) 

Note that "J is the complex version of $ in Calabi geometry. Constants k and 
a in P arc to be determined in (16.41). Denote 



Denote by □ = P J dz dz ^ e Laplacian operator. Recall that 

S(/) = -D^ = -£/% (5.3) 
is the scalar curvature of Uf. 
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5.1 Differential inequality-I 

We are going to calculate DP and derive a differential inequality. This inequality 
is similar to that in Theorem [ 



Lemma 5.1 (Inequality-I) 



DP \\V-\\ 2 f 

> <VU + a 2 K (l - 2nW a )W a ^ - 

P ~ 2* v ; 



2|(V<S,W)| 



(a K W a + l)S, (5.4) 



^ ^ _ 2; 

where (,) denotes the inner product with respect to the metric uif. 
Proof. By definition, 

□* = £ ■ f "- fU ( V < iV 3u + VuaVj + V ik V dI + V a V Jk ) . 
By the Ricci identities 

we have 

□* = £ ( Wjr + ~ - : X Z" 1 '^,/'- ( 5 - 5 ) 

where we use the facts — —Va and DV = —S. Denote If = (a.KW a + i) . 



Then 



/>, = />( ^i + n ^ ) = : /' \,. 



□p = p 



□ * l|V*||f , 



* 2 



(5.6) 



Choose a new complex coordinate system such that, at p, 

f fj = cSn, V 1 = V I , Vi = Vj = V i > 1, 
where c = [W(p)] " . Then fl£U) can be re-written as 

dp = — [nv + a 2 KW a c~ 2 v?V{ ! + n 2 c- 2 v?v? 



+2n C - 2 [ReiVuVl) + VnViVi 
here and later we denote Re the real part. From (|5.5p we have 



(5.7) 



i>l 



(5.8) 
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Substituting (|5.8[) into (|5.7|) . we have 
P 



□P > 



c 2ljf 
P 



[n 2 (v^) 2 + 2np e (y u ^ 2 ) + VuV u ] 



i>l 



P 



+-a T W{ 1 + a^KW a (ViViY + 2{aKW a )V 11 V 1 V 1 ] 



c 2 * 
P 

c 2 * 



i>l 



ILS4 • 2 Y^fW.S,, 



where 



h ■= [ll 2 (V 1 V 1 ) 2 + 2URe(V 11 V 2 ) + V 11 V 11 ] , 

h := \Vii + a 2 KW a {ViVif + 2 (anW a ) VnVsVi) 

It is easy to check that 



h 
h 



Invf + Vhl , 



v 2 . 



a 2 n(l - 2 K W a )W a {ViVif + -}± + 



v2 



The lemma follows. 



5.2 Differential inequality-II 

Fix a function 5 £ TZ°°(Q). Denote by Rq k \ and Rq the curvature tensor and 
the Ricci curvature of (ft, u) g ), respectively. Put 

Let / £ TZ°°(Vt) and = / —g. Now we prove a differential inequality of n — D<p. 
Obviously n -U<j) = £ f j 9ij- 

Lemma 5.2 (Inequality-II) 

□ log (n - U4>) > -\\Ric\\ f -n(n-n^). (5.9) 

To prove this lemma we calculate □ (n — □</>) firstly. In the following calcu- 
lation, ";" denotes the covariant derivatives with respect to the metric u g . 

Lemma 5.3 

□ (n - ucfy > f i3 f nT f kh r p m<f>-,np-A m -hi - £ r l ! U '!lu\,„i, 

-K (n-U<j)) 2 . 
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Proof. A direct calculation give us 

f;ijk — (.9 + 4>);fjk — <P;ijki f;ijk = 4»;ijk: f-.ijsk = 4>;i]sk 

Note that 

E = 

Then wc have 

f$ = - E f mT f k %mhi, /| = - E f mT f k %mh3- (5-10) 

Then 

(»-□*);< = -E^^^fw, 

□ (n - D0) = E (f nI f krh r P ^np-A m M + f mI r h f kP <f>;np^-,mU 

Now we calculate 4*-mhiJ- Differentiating the following equation twice 
- log if = logdet (py + 0y) - logdet(5y) 

we have 

E /%J*f = "(log ff) fc J + E f i3 f n ™t-,n]l<t>-,rnik. (5.12) 

By the Ricci identities we have 

Efijfh - - \ ^ f«i f _ _ 

./ i \vnhij / j J J \ihmj 

= / ^ (f;ih]m + f nh^imj ~ fin^-hjm 

= / ^ (f;ijhm + fnh^imj ~ ■f ifL ^ , hjm 

= J]] / J (^djmh ~ fnjRimh + fnh^imj 

= V. mTl + Y,f fj fnhRU + Y,f fj f al ^f^-Mrn (5-13) 

where we use (|5 . 1 2[) in the last step. Inserting (15.131) into (I5.1ip . wc obtain 

□ (n-D0 > E ./"'/"/"/'"^/o^^x,,,,, £ f ml f kh g kT V mh 

-J2f 3 f mT Ru m] - (5.14) 

To obtain lemma we only need to prove 

E f f3 f mlR ilm3 <n(n- U<t>f . (5.15) 

Note that this inequality is invariant under coordinate transformations. We 
choose another coordinate system so that g k j — Ski, fki — &klfkk- Then 

n_D0 = \R iTm3 \<n. 
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A direct calculation gives us (|5.15[) . ■ 

Proof of Lemma 15.91 We choose another coordinate system so that g k j — 

hi, fkl = hl(l + <f>kk)- Then n-U(j> = Ed + ^ii) -1 - % tne Cauchy inequality 
one can show that 



Ef ml f kh 9kiV r 



mh 



< \\V„T 



mill/- 



(5.16) 



Now, by using a similar calculation as in |56j , we prove the following inequality: 



A direct calculation gives us 



> 



n-U<j> 



(5.17) 



(□0), = (n - £ / fc W);» - E f kS f l 9kT<t>m = + 



and 



n — 

(n-D0)- 1 E(l + ' 
(n-D0)- 1 E(l + ' 



Ed 



< (n - D0)- 1 E^ 1 + + ^)~ 8 te^fcfc? 
= E)(l+0«) -1 (l + 0fciE)"V;fcEi^fciS 

< Ed + ^r'd + + torH-tfAm- 

i,k,l 

Thus ([537]) is proved. Note that 

□ log (n - = — ? L - 

n — □</> (n — L\(p) z 

Using (|5.16l) , (|5.17[) and Lemma 15.31 we obtain Lemma 15.21 ■ 



IJ kk) 
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5.3 Differential Inequality-Ill 

In this subsection, we apply Differential Inequality-I on the toric surfaces. We 
use notations introduced in qi.ll and E U.2I Let € O C , / = f§ be the 
potential function on il. Let T = ^2f". Put 

where A, iVi are constants. 

Lemma 5.4 Lei if = 5(/)ot7 oe i/ie scalar curvature function on t. Suppose 
that on fl, 



max 
n 



dK 



< N 2 , W < N 2 



/or some constant N2 > 0. Then we may choose 

A = n% + l,N x = 100, a = -,k= [4NIH 1 

o 

swc/i ttat 

D(P + Q + C r f) > C 8 (P + Qf > 
/or some positive constants C7 and Cs that depend only on N2 and n. 



(5.18) 

(5.19) 
(5.20) 



Proof. Applying Lemma 15. II and the choice of a and k, in particular, nW a < 
1/4, we have 



#DP /l 



P 



(5.21) 



Treatment for (V5, Vlog W): using log-afhne coordinates we have 



\(VS,VV)\ 



y fj dS dV = YpdKd&SV 

^ dxi dxj ^ d^k dxi dxj 



dV 



dxj 



where we use the fact §§s- = f ki ; now we back to the complex coordinates Zi, 
we have 

dV 



Since \z\ is bounded, we conclude that 

|(VS, W)| < C^\V 3 \ < CV2WTV. 



We explain the last step: suppose that < u\ < v 2 are the eigenvalues of (/y), 
then 

* X/" r < r / ^ ^"'(l^il 2 + l^| 2 ) > (WTyWVxl 2 + \V 2 \ 2 ). 
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Note that 

(eW) - * < y/p = (exp(/cW a )W*) -1 < W~* , 
(|5.21l) is then transformed to be 

DP > (h\Vijf f + -^kW 1 ^ 2 ) - C'Wi ( VwH> + 9\S\ 



(5.22) 



Applying the Young inequality and the Schwartz inequality to terms in (|5.22[) , 
we have that 

OP>^W?\\V l] \\ 2 f + C 1 W-*P 2 -eQT-C 2 (e). (5.23) 

For example, 

W(T*)* < 8{W*T^f + 5{W^^f + C S W* < C' 2 5{QT + W~^P 2 ) + C' S . 

We skip the proof of (|BT25|) . 

By a direct calculation we have 

OQ>Q (n 1 T+ iny + DlogT^ > Q fwiT-is- UVtfUj, 

where we use the formula (|5.9[) with <7y = Sij to calculate DlogT. Using 
the explicit value A, N% and the bounds of W and S, applying the Schwartz 
inequality properly, we can get 

U Q > —W^V^fj + ^QT- C 3 (.N lt N 2 ). (5.24) 
Combining (|5.23[) and (I5.24[) , choosing e = we have 

□ (Q + P) > CxW-^P 2 + ^-QT - C 4 . 

Note that 

T = e- N ^- A ^W-iQ > e-^d'^-^Ng *W-*Q > C 5 W-^Q, 

we get 

□ (0 + P) > C 6 W~i(Q + P) 2 - C 7 

where Cq,Cj are constants depending only on C\,Ni and N 2 . Our lemma 
follows from □/ = n and | W\ < N 2 . ■ 

6 Complex interior estimates and regularities 

We apply the differential inequalities to derive interior estimates in terms of the 
norm K. of Ricci tensor (cf. (|1.3p ). 
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6.1 Interior estimate of \I/ 

We use Lemma I5TT1 to derive the interior estimate of VP in a geodesic ball. 

Lemma 6.1 Let f € 7£°°(fi) and B a (o) G Q be the geodesic ball of radius a 
centered at o. Suppose that 

W<1, wi(o')JC < N 3 , (6.1) 

in B a (o), where d € B a (o). Then the following estimate holds in B a /2ip) 



W*^ C fi 



max (\S\ + ||V5| 



B a (c 



l [W(o')) 



* + a 



(6.2) 



where Cq is a constant depending only on n and N3. 
Proof. Consider the function 

F := (a 2 - r 2 ) 2 P 

defined in B a (o), where r denotes the geodesic distance from o to z with respect 
to the metric w/. F attains its supremum at some interior point p* . Then, at 

P*, 



P,i 2(r 2 ) : 



0. 



P (a 2 — r 2 ) 
UP \\VP\\) 2||V(r 2 )|| 2 2D(r 2 ) 



< 0. 



P P 2 (a 2 - r 2 ) 2 (a 2 - r 2 ) 

Substituting the first equation into the second inequality we have 
□P 6||V(r 2 )|| 2 2D(r 2 ) 



(a 2 - r 2 ) 2 (a 2 - r 2 ) 



< 0. 



(6.3) 



In the following computation, we remind that we will use the fact W < 1 
frequently. On the one hand, by Inequalitv-IfLemma 15 . 1 1 ) and choose 



1 1 

k = —,a= — . 
8 3 



we have 



DP 1 

— > -a 2 KW a -$ 



(6.4) 



(6.5) 



On the other hand, since JC < C{W 2 (o'), we have Ric > —nC\W 2 (o'). By 
the Laplacian comparison theorem (cf. Remark I6.2[) we have 



rDr < C{n) (l + [W{o')]-^a^ 



(6.6) 
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Insert and (p^l) into (jO)) . then, 



a[W( ')]" 



/ W"||V5| 



(a 2 — r 2 ) 2 



for some constant C4 > 0. Multiplying [W^Vl/Js on both sides, and applying 
Young's inequality, we get 



[W a V]* < C' 4 
It follows that 

< C 5 

Then 



a[W(o')}-i a 2 
(a 2 — r 2 ) (a 2 — r 2 ) 2 



151 



IV5II 



i[w(o')}- 



aWfo')]"* + a 2 + a 4 max 151 + IIVSI 

B a (o) V 



a 3 [iy(o')]"^ + a 2 + a 4 max (|5| + ||V5||j 



F(p*) < C> 5 
Since F < F(p*), we obtain 

(a 2 -r 2 ) 2 P<G 

Note that 

(a 2 - r 2 ) 2 P = (a 2 - r 2 ) 2 ey^{nW a )W^^ > (a 2 - r 2 ) 2 !^*. 
We can obtain the lemma easily. ■ 

Remark 6.2 (The Laplacian comparison theorem) Let M n be complete 
Riemannian manifold with Ric > — (n — l)Cb, where Co > 0. TTien the geodesic 
distance function r from p satisfies 

rDr(x) < C(n)(l + y/C~o~r(x)). 



By the same argument of Lemma 16.11 we have 

Lemma 6.3 Let f g 7\L°°(f2) and B a {o) C 51 fee i/ie geodesic ball of radius a 
centered at o. Suppose that there are constants N\, N2 > such that 



fC<Nx, W<N 2 , 



in B a {6). Then in B a / 2 {o) 



< C 9 7V 2 2 



max (|«S| + IIVSII 

B a (o) V 



a 1 + a 2 



where Cg is a constant depending only on n and Ni 
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Remark 6.4 Recall that f = || V log W\\ 2 f . Hence 



= 16||VW^||^. 

Therefore, the result in Lemma [Kl\ and Lemma [S73\ can be treated as a bound of 
6.2 Interior estimate of ||V/||/ 

Lemma 6.5 Let f g 1Z°°(SV) with f(po) = info / = 0. Suppose that for a > 1, 

K < N , in B a { Po ). (6.7) 

Then in B a/2 {po) 

l|V/|| 2 f 

(ITT) 2 * c - ^ 6 - 8 ) 

where Ciq > is a constant depending only on n and Nq. Then, for any q G 

B a / 2 (po), 

f{q) - f(Po) < exp(v^ a ). (6.9) 

Proof. Consider the function 

F = (a 2 - r 2 ) 



2 ,.2\2 S P J fifj 



(1 + /) 2 ' 

in B a (po). F attains its supremum at some interior point p* . Then, at p* , 



1 + / 



E f i3 fif3 + E Ff-ikfj + fk = 0, 



(6.10) 



2||Vr 2 || 2 2D(r 2 ) 2Df 



(a 2 -r 2 ) 2 a 2 -r 2 l + f 



2IIV/II 4 / 
"(1 + /) 2 



E 



2(r 2 



f,k 



l + f 



(6.11) 



Choose the coordinate system such that at p*, we have 

fi]=Sij, /,!=/,! = IIV/H/, /., /, 0, for*>2. 
Then (|6. 10|) and (|6.11[) can be read as 

ifc/l + M fc = 0, (6.12) 
f,k 





[2(r 2 ), fc 


1 'i* 


/l/l + . 




a 2 — r 2 


1 - 


r-/. 


' 2||Vr 2 |j 2 


2D(r 2 ) 


2D/ 


(a 2 - r 2 ) 2 


r 2 




1 + / 


, 2(/i/i) 2 


-E 




(1 + /) 2 


a 2 





1 + / 



(Sikh + film) < o- (6-13) 
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Applying the Ricci identities, the fact X) r fc r fc = 41 anc ^ the Laplacian compari- 
son Theorem to (|6.13p . and inserting (|6 . T[) then 



3a 2 



Ci(n)(l + y/N^a) 2n 



(a 2 - r 2 ) 2 



1 + / 



7V 



hh+n + 



+£/,»*/,*- £ 

Note that 

Q- 2 ), fc /,i<5ifc 
a 2 - r 2 1 + / 



2(^ 2 ),fe , 2/, fc 



1 + / 



/i/i 



1A' 



2(r 2 ),i/i , 2/.X/I 



1 + / 



2(AA) 2 
(i + /) 2 

< 0. (6.14) 



£ 



< 



E 



(r 2 X* , f,iS 



lk 



a 2 -r 2 1 + / 



/.:/.: ' £/,Ife/, 



l|Vr 2 ||) 



2Re 



(r 2 ),i /.!/., \ , (/,i/,i) 2 



a 2 - r 2 1 + / / (1 + ff 



(a 2 — r 2 ) 2 

Inserting the above inequality into (|6.14l) we have 
C 2 a 2 C 3 a 2n 



E f, lk f,lk- 



(a 2 — r 2 ) 2 a 2 — r 2 1 + / 



/i/i 



(/i/i) 2 



1 (1 + /) 2 



-iVo/x/i - 2 

We discuss two cases 
Case 1 



(r 2 hh 



1 + / 



7 + 2Re 



(r 2 ),r 

a 2 - r 2 1 + / 



< 0. (6.15) 



(1 + /) 2 



r(pV<« 4 - 



Case 2. rrr^ki (p*) > 1. We apply Schwarz's inequality in (|6.15l) to get the 

Lity 

/i/i 



.(T+7F. 
following inequality 



(1 + /) S 



<C 6 (n) + C 7 



7 \ (a 2 — r 2 ) 2 a 2 — r 2 



Hence 



F < C 6 a 4 + C 7 (a 2 + a 3 ). 
Then in B<k(po) we obtain ([67 



6.3 Interior estimate of eigenvalues of {fij) 

For simplicity, we assume that g = "Y^ZiZj. Denote T — Y f" ■ Then Inequality- 
II(Lemma l5.2[) can be re- written as 



□ logT > -\\Ric\\ f . 
We apply this to prove the following lemma. 



(6.16) 
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Lemma 6.6 Let f e TZ°°{n) and B a (p ) C ft. // 

W<Ni, /C<N 4 , \z\ <N 4 . 

in B a (po), for some constant N4 > 0. TTien i/iere exists a constant Cn > 1 such 
that 

Cn 1 < Ai < • • ■ < X n < C11, Vge B a/2 ( Po ). 

where Ai, • • ■ , A„ are eigenvalues of the matrix {fa), Cn is a positive constant 
depending on n, a and N4. 

Proof. Consider the function 

F:= (a 2 -r 2 fe^ 2 T 

in B a (j>o). F attains its supremum at some interior point p*. Then, at p* , we 
have 

2(r 2 ) - 

z. + (logT), J ~^-^ =0, 

T + DlogT-^4 Lf^4<0. (6.17) 

Note that JC < N4. Thus, by (16. 16)) and the Laplacian comparison theorem, we 
have 

b\a 2 b 2 a 

1 - 7~~2 2Y2 + ~2 2 + N4 ' 

[a z — r A y — r A 

for some positive constants 61, b 2 depending only on n and N4. Then 

F < C 3 a 3 + da 4 , 

for some positive constants C3 and C4 that depends only on n and N4. Then 
there is a constant C5 > such that 

Ar^E/^Cfc m Ba( Po ,u; f ). 
Since is bounded and Ai is bounded below, hence A n is bounded above. I 

6.4 Bootstrapping 

In the subsection, for the sake of convenience, we state and prove our results 
on the toric surfaces. Suppose that S(u) = K and K e C°°(A). Then on the 
complex manifold, the equation is S{f) — K. For example, on the complex 
torus in terms of log-afhne coordinates: 

K = Ko\/f. 

The bootstrapping argument says that the regularity of / can be obtained via 
ll-^llc 00 if ll/llc 2 is bounded. However, it is not so obvious that this is true in 
terms of ||if||c°°- In this subsection, we verify this by direct computations. The 
main theorem in this subsection is 



36 



Theorem 6.7 Let U to be one of the coordinate charts Ua, and U,j. Suppose 
that U C U is a bounded set and 

Cf 1 < v x < v 2 < Ci (6.18) 

for some constant C\ > 0, where v\, v 2 are the eigenvalues of the matrix (^2 9 IJ fkj)- 
Then for any U' C U and any k 

\\f\\c k (u>) < c fc> 

where depends on \\K\\c°°> cIe{U' ,dU) and the bound of U . 
The rest of subsection is the proof of the theorem. 

Case 1, bootstrapping on Ua- The interior regularity of u in A is equivalent 
to that of / in the complex torus. Hence we may apply the bootstrapping 
argument for u to conclude the regularity of /. 

Case 2, bootstrapping on \Jg. Without loss of generality, we assume that = 
Uh*. One of the main issue is to study the relation between the derivatives of 
S(f) and S(u). Recall that the complex coordinate is (zx,w 2 ). By the explicit 
computation, we have 

K(z 1 ,w 2 ) = K(^,^), 

where 

df , „ Of 
az\ ow 2 
Then by the direct computation, we have 

Lemma 6.8 For any k there exists a constant C' k such that 

\\K\\ CH u) < C' k , 

where C' k depends only on \\f\\c k + 1 (U)j \K\c k an d ^ ne bound ofU. 
Proof. When k = 1, then 

dK__d^(df_ cPj_ \ 2 dK d 2 f 
dz\ d£i \dzi Zl d 2 zi) d^ 2 dzidw 2 ' 

Other derivatives dK/dzi, dK/dw 2 and dK/dw 2 can be computed similarly. 
We verify the assertion for k — 1. It is easy to see that the assertion is true for 
any k. q.e.d. 

When ||/||c 2 (t/) < C f° r some constant C > 0, applying Lemma l6~8"l with k = 
1, we have H^Hc^c/) < C- Since Cq -1 < (g^) < Co in U for some constant Co > 
0, by (joTTS!) we get Cf 1 < (/-) < C t for some constant d > 0. Applying the L p 
estimates to the equation □ log W — —K, we have for any p > 2, W € W 2 ' P (U). 
It follows from the Sobolev embeding theorem that W £ C 1,a (U). Using Krylov- 
Evans Lemma and bootstrapping argument to the equation S(f) = K, we have 
ll/llc 4 c "(c/) < C\- Hence, it is crucial to get the interior estimate of ||/||c 2 - We 
need the following lemma. 
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Lemma 6.9 Let V\, V2 he the eigenvalues of the matrix (J^ g IJ fkj)- Suppose that 
in U 

Cf 1 < v x < v 2 < d, \\D 2 g\\ C o {u) < d (6.19) 
for some constant C\ > 0. Then there is a constant C% > such that 

\\D 2 f\\ c ° ( u) < C 2 . 



Proof. In log-coordinate (wi,u>2) we have 

d 2 f d 2 f 



d 2 f 



dwiduij dwidwj dwidwj 



and 



lim ^r~{x) = lim ^~{x) 
It follows from (j6TT9ll and (fFT^U|) that 



dx i ^ 



Obviously, (|6.19[) gives us 



a 2 / 


+ 


5 2 / 


+ 


d 2 f 


+ 


5 2 / 






<9zi<9zi 








dw2,dz\ 



for some constant > 0. Since -Mr- = 4^-, we have 



dlV2 dlV2 '■ 



d 2 f 


+ 


d 2 f 


dw2dlV2 




dz\dw2 



Note that 

a 2 / 
dz\ 

Using (|6.22p . we have 



E 



d 2 f ( dw 



dwf \ dz\ 



< Co. 



d 2 wi df 
dz\ dwi 



d 2 f 




i 

) 




d 2 f dw\ dw\ 




d 2 f 


dw 2 


\dz x , 






dwidwi dz\ dzi 




dz\dz\ 



<c 3 



<c 3 



and by (|6.21[) . we have 



d 2 Wl df 



dzf dwi 



< C 2 
= C 2 

< C 2 



d 2 ui\ dg 



dz\ dwi 
d 2 wi dg 



(6.20) 



(6.21) 



(6.22) 



dz\ dwi 
d 2 g 



E 



d 2 g dw\ du>i 
dwidwi dzi dz\ 



E 



d 2 g dw\ dw\ 
dwidwi dz± dz\ 



dzf 



+ c 2 


d 2 g 


dz\dz\ 
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Then \\D 2 g\\ C 2( U - ) < C implies that 

\\D 2 f\\c H u) < C. 

The lemma is proved. H 

Combining the above two lemmas and the standard bootstrapping argument, 
we prove the theorem for Case 2. 

Case 3, bootstrapping on U^. The proof is same as that of Case 2. 
We complete the proof of Theorem 16.71 

By substracting a linear function from / we may normalize / such that 
f{z) > f( z o) = 0, this can be easily done if U = Ua, when U = U^, this is 
explain in the beginning of i)7.11 when U = 11$, this can be done similarly. We 
leave the verification to readers. 

Combining Lemma 16.61 and Theorem 16.71 we have the following theorem. 

Theorem 6.10 Let z Q £ U and B a (z a ) be a geodesic ball in U. Suppose that 
there is a constant C\ > such that f(z ) — 0, V/(z Q ) = 0, and 

/C(/)<d, C^<W<d, \z\<Ci 

in B a (z ). Then there is a constant a\ > 0, depending on a and C\, such that 
D2 ai {z ) C Ba( Zo ), and 

ll/l|o».«(D ai (».)) <C(a,d,\S(f)\)), 

ll/Ho-(D 01 (» ))<C(o,C 1 ,||5(«)|| -,). 

Proof. By Lemma T6.61 we conclude that 

C7 1 < Ai < A 2 < C* 2 , in B*(z ) 

for some constant C2 > 0, hence, by Lemma T6.91 we have the bounds of \D 2 f\. 
Then there is a constant a\ > such that D2 ai (z ) C B&(z ). And by the 
integrations we have the bound of the norm of / G C 1 (D2 ai {z ))- Combine 
together, we have the bound of C 2 -norm of / in D^ ai (z ). Then by applying 
the Krylov-Evans Lemma, the Schauder estimate and standard bootstrap we 
have the bound of the norm of / £ C°°(D ai (z )). ■ 

Remark 6.11 The results in this subsection can be easily generalized to high 
dimension. 

7 Estimates of JC near divisors 

Let A C I 2 . In this section, we prove the following theorem. 
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Theorem 7.1 Let u € C°°(A, v). Let i a be a point on a divisor Zt for some 
i. Choose a coordinate system (£,i,£, 2 ) such that £ — {£|£i = 0}. Let p £ f 
and Db(p) fl A be an Euclidean half-disk such that its intersects with dA lies in 
the interior of I. Let B a ($ ) be a geodesic ball satisfying Tf(B a ($ )) C A>(p)- 
Suppose that in Db(p) n A 

|5(«)|>5>0, ||5(«)|| CS(A) < N 5 , h 22 \ e >N^ (7.1) 

for some constant N$ > 0, where h = u\i and ||.||c 3 (A) denotes the Euclidean 
C 3 -norm. Then there is a constant C12 > 7 depending only on a, 8, N5 and 
Db(p), such that 

min W 

BJM + ||vl |5|||2( }) fl 2 < Ci2; v 3 Gi? Q/2 (3o) (7.2) 

max W 

B a { lo ) 

where W = det(/ s f). 

7.1 AfRne transformation rules on C x C* 

Recall that the coordinate chart for i is = C x C*. By the assumption, 
B a {lo) is inside this chart. The situation is same as in Uh*. Hence for the 
sake of simplicity of notations, we assume that we are working at Uh*. Let 
u G C°°(h*, Vh*). Then / = L(u) is a function on t. Hence it defines a function on 
the C* x C* C Uh* in terms of log-affine coordinate (w l7 w 2 ). Then the function 
fh(zi,w 2 ) := /(log \zf\, Re(w 2 )) extends smoothly over Z, hence defines on Uh* . 
We denote /h by / to simplify notations. Then 

km — - = 0, -— > 0. 

Fix a point i Q € Z, we claim that by substracting a linear function h on t, 
for / = / - h, f(io) = min/. In fact, let (0, a) = r/(a ). Then 

f(xi,x 2 ) = f(xi,x 2 ) - ax 2 . 
In terms of complex coordinate, 

f{z l7 w 2 ) = f{z 1 ,w 2 ) - ^a(w 2 + w 2 ). 

We find that Tj(^ ) = (0, 0). Hence it is easy to show that / achieves its minimal 
at 3 Q . 

We will explain how the affine transformation affects the invariants of func- 
tions. 

Let u € C°°(h*, Vh* )• We consider the following affine transformation on u: 
u(0 = \u(A- 1 (0)+vti+b& + c, (7.3) 
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where A(^i,^ 2 ) = (ot£i,P£2 + 7)- Let / = L(u). In this section, we always take 
A = a. Then / is still a potential function of U^. / can be computed 
directly. The above transformation induces a transformation on t: 

B(xx,x 2 ) = (xi + 77, ^x 2 + b). 

Then by a direct computation, we have 
Lemma 7.2 f = Xf o B^ 1 + jx 2 — c — 76. 

Now we explain the coordinate change in complex sense that covers B. Let 

R 1 x R 1 — > R 1 x S 1 

(X2,y2) > (X 2 ,y 2 ). 

be the universal holomorphic covering of C* . It induces a covering map 

C x C — > C x C* 

where w 2 — x 2 + 2y/^ly 2l w 2 = x 2 + 2^/ = ly 2 , and y 2 = p r (y 2 )- 

Since / is T 2 - invariant function, i.e., / is independent of y, so / can be 
naturally treated as the function defined in the coordinate (z\, w 2 ). As in (|5.ip . 
let W be the determinant of the Hessian of /. Then 

Lemma 7.3 For any u £ C°°(h* ,i>h*), consider the following affine transfor- 
mation on u: 

u(0 = XuiA- 1 ^)) + rti + + c, (7.4) 

where A(£i,£ 2 ) = (a£i,/3£ 2 + 7) and X = a. Then it induces an affine transfor- 
mation in complex coordinate (z\, w 2 ) : 

Bc(zi, w 2 ) = (e 2 zi, — w 2 + b). (7.5) 

Moreover, 

• f(z) = af{B^ x z) + 7x2 - 76 - c; 

• W(z) = f3 2 e~ r 'W(Bc 1 z); 

• tf(z) = a-^iB^z); 

• it{z) = a^JCiB^z); 

. ||Vlog|5(/)|||^) = a - 1 ||Vlog|5(/)||| 2 (Sc 1 ^ 
where z = (z%, w 2 ). 

Note that all these functions are T 2 -invariant, hence the formulae can be push- 
forwarded from C x C down to C x C*. The lemma follows from a direct 
calculation. We omit it. 
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7.2 Uniform control of sections 

In this section, we consider functions u 6 C°°(h*, w h . ; K ) (i.e., u = £ik>g£i + 
£f +ip is strictly convex and |<S(u)| < K a , where ip <G C°°(h*)) with the property 

e u (p)dt(p,q)<C 5 , (7.6) 

Let 3° e U h « be any point such that d{f,Z) = 1 and 3* e #1(3°) n Z. 
Without loss of generality, we assume that 3 is a representative point of its 
orbit and assume that it is on t (cf. Remark |1.3[) . Let p°,p* be their images of 
moment map r/. 

Remark 7.4 /n this section, when we consider a point z £ Uh* 7 without loss 
of generality, we assume z is the representative of its T 2 -orbit ( cf Remark \1.3\) . 
Hence when p — Tf(z), we assume that z — V u (p) G t. If z is on Z, we may 
assume that it is the point in t2- For such z we write ry 1 (p). 

By adding a linear function we normalize u such that p° is the minimal point 
of u; i.e., 

u{p°) = irdu. (7-7) 

Let p be the minimal point of u on i|, the boundary of h*. By adding some 
constant to u, we require that 

u(p) = 0. (7.8) 
By a coordinate translation we can assume that 

t(fi) = 0. (7.9) 

(see Figure 1). Denote z* — V u (p*). Let 

So := |(-oo,x 2 ) € t 2 I 

By a coordinate transformation 

A(6,6) = (a,/36) (7.10) 

we can normalize u such that 

\So\ = 10. (7.11) 
In fact, (|7.10l) induces a coordinate transformation in (xi,X2) as following 

A(xx,x 2 ) = (xi,(3~ 1 x 2 ), 

then by choosing the proper (3 we have (I7.1ip . The above transformations 
are affine transformations in (17.41) with A = a = 1. It is easy to see that 
||Vlog| l S(/)||| 2 r and W{z)/W(z') for any z,z' £ U h * are invariant under 
these transformations. 

We say (u,p°,p) is a minimal-normalized-triple if u satisfies (|7.7p . (|7.8|l . 
(TT91) . (ffTT]l and 

d(p°,t5) = i. 

Note that p is determined by u and p° already. 



12(2* 



< 1 
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Figure 1: 

Lemma 7.5 Let (u,p°,p) be a minimal-normalized triple. Then there is a con- 
stant C\ > 1 such that 

u[p)-u{p°)>C^\ 

Proof. By (|7.6j) we have 

9<4C 5 , inBi(p°). 

Then by a similar argument of the proof of the claim in Theorem l2.9[ we conclude 
that u(p) — u(p°) > 5 for any p not in Bi(p°). In particular, p is such a point. 
Hence, we prove the lemma, q.e.d. 

Lemma 7.6 Let (uk,Pk,pk) be a sequence of minimal-normalized triples with 
lim max|6>(tifc)| = 0, 

k— >oo 

Then there is a constant G\ > 1 suc/i f/iai 

Cf 1 <u fe (p fc )- u (p°) <Ci 

when k large enough. 

Proof. The lower bound is proved in Lemma 17.51 

By adding a constant to Uk, we assume that Uk{p° k ) = 0. Now suppose 
that Uk{pk) has no upper bound. Then we can choose a sequence of constants 
Nk — > oo such that 

< N k < u k (p k ), lim N k max |«S(u fc )| = 0. 

For each Uk we take an affine transformation Ak '■= (Ak, (Nk)^ 1 ) to get a new 
function Wfe,i.e, 

u k = (Nk^UkoiAk)- 1 . 
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Then original section S Uk (p°,N k ) is transformed to be Sa k {AkP%, 1)- We choose 
A k such that the latter one is normalized (cf. Sj3j}. Then, by Lemma \2. 21 

lim S(u k ) — lim N k S(u k ) = 0, 

lim du k (A k p° k , A k i* 2 ) = lim — =d Uk (p°, = 0. 

On the other hand, by Theorem l3.6l we conclude that locally uniformly C 3 ' Q - 
converges to a strictly convex function in a neighborhood of p^, which is 
the minimal point of Moo and the limit of A k p° k . In particular, there is a constant 
C3 > such that 

du k (A k p° k ,A k e 2 )>C 3 . 

We get a contradiction. ■ 

Definition 7.7 Let (u,p°,p) be a minimal-normalized-triple. Let N = max(200, 
lOO&Ci, 100 exp(100v / Cio)) ; where b is the constant in Provosition YS '.9\ and Cio 
is the constant in Lemma \6.5\ with No = 4, n = 2. If the following inequalities 
hold 



/C(z)<4, VzGT^OMp )); (7.12) 
J<^<4, V^Er^W)), (7-13) 



we say that (u,p°,p) is a bounded-normalized triple. 



Let u k be a sequence given in Lemma 17.61 and (u k ,p^,p k ) be a sequence 
bounded-normalized triples. In this subsection, we mainly prove that the sec- 
tions S Uk {p k ,o~ k ) are L- normalized for some constant L that is independent of 
k, where a k = 6\ minufc| and 6 is the constant in Proposition 13.91 By Lemma 
17.61 we already know that o~ k are uniformly bounded. By Lemma 13.41 we need 
only prove the following theorem. 

Theorem 7.8 Let (u k ,p^,,p k ) be a sequence of bounded-normalized triples. Sup- 
pose that limfc-s-oo |^(ufe)| = 0. Let 

^k = S Uk {p° kl a k ). 

Then there are constants Ci n and c ou t, independent of k, such that 

Ci n < wdi(fl k ), i = 1,2. 

and < c ouU i = 1,2. 

The proof is contained in the following lemmas: Lemma [7T9l 17.101 and !7.13l 
Lemma 7.9 wdi(Q k ) has a uniformly lower bound. 
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Proof. Let 

E k = {p£ S Uk (p° k ,a k ) |f 2 (p) = 6(Pfe)} 
and p k be its right and left ends. Then we claim that 
Claim. There is a constant C2 > such that \p k — p k \ > C^ 1 ■ 

Proof of claim. We prove the claim for p~ . The proof for p + is identical. 

If it is not true, then \S,i(pl) — S,i{p k )| — > 0. We omit the index k. Take an 
afhne transformation on u 

where A is the normalizing transformation of S u {p° , <5 _1 cr). By Theorem 13.61 
we conclude that u k uniformly C 3,a -converges to a smooth and strictly convex 
function in Su 00 {p° 00 ,o). Note that the geodesic distance and the ratio 
det(uij)(t;) /det(uij)(p°) are base-affine transformation invariants, we have for 
any p e S u (p°,a) 

C3- 1 <d(p°,dS u (p°,a))<C 3 , (7.14) 
C3- 1 < det(^)(p)/det( Uij )(p ) < C 3 , (7.15) 

for some constant C3 > 1 independent of k. 

On the other hand, by the convexity of u, we have 

\diu(p-)\ > - ° - > / _ ->oo. (7.16) 
\P - P I Ci \p° -p I 

By the coordinate corresponding z\ — e^ 1 , Z2 = W2, we have 



1 / d 2 f \ 1 



det 



d 2 u 



n -1 



l (r/W). 



Let 0- G r/O") n Sjv(3°). As 9iu(p _ ) < and dxu(p°) = 0, from (j7T5|) and 
(|7.16[) we conclude that 



W(z~)/W(z°) =exp(-d lU (p-)) 



_^ det( UlJ ){p°) 



det(uy)(p ) 



which contradicts to the assumption (|7.13|) . This completes the proof of the 
claim. 

Since the width is at least \p + — we get its lower bound, q.e.d. 

Recall 3* G Z is the point such that d(3°,3*) = 1. Let p* = 17(3*). 
Lemma 7.10 wd,2(fl k ) has a uniform lower bound. 
Proof. We divide the proof into three steps. 

Step 1. There is a constant C4 = exp(lOOVCio) such that for any p G B2q(p°)C\ 

u(p) - u(p°) < C 4 , (7.17) 
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where Cio is the constant in Lemma 1 6. 5\ with Nq = 4, a = 100, n = 2. In 
particular, 

u{p*) - u(p°) < C 4 . (7.18) 
Proof of Step 1. Let p* be the point such that 

u{p') — max u. 

B 20 (p°)nt* 



We only need to prove u(p') satisfies f|7. 17|) . By a coordinate translation £i = 
£.i,£,2 = £,2 — ct we can assume that £,(p°) — (0,0). Obviously u(p') — u(p°) is 
invariant under the coordinate transformation. 

Let 3 e Ty 1 ^ ) and 3* € rj l {p') with d(f,$') < 20. Let / be the function 
associated with u (cf. section fl~5|) . Obviously f($ 9 ) = inf /. Note that it = 

£i log^i + tjj with V G C°°(h*). Following from 

lim a(loga + tfi) = 0, £(p') = 0, — (p°) = — (p°) = 



we have 



Then 



(7.19) 



/(3")+«(p")=0, /(3°) + t*(p°)=0. 

It follows that |u(p°) - u(p*)| = |/(3°) - /(3*)|. Applying Lemma EH to / in 
-Bioo(3*) with No = 4, n = 2, we have 

|/Ci )-/(3*)I<C 4 
for C4 = exp(100 v / Cio). Then the claim follows. 

.Step 2. Let 51 = (—00, mi), q 2 = (—00,7712) be two ends of So, mi < 7712. 
Denote pi = (0, Jjr^i))- W^e /iaue 



1 < 



2:2(2:*) 



/22^a;: 



fu^d£ 2 



< - 6(P*)I 



'Vf(So) 

< io|6(Pi) - 6(p*)l- 



it follows that 



\b(pi)-b(p*)\> 



1 

10' 



(7.20) 



4G 



Step 3. For C5 = C4 + 1, by the result of Step 1 and the definition of So, we 
have 

V U (S ) c B 20 ( P °) n t* c S U ( P °, c B ) n t*. 

Let P3,P4 be the boundary of S u (p°, C5) fl Then by the result of Step 2 we 
have 

|P3-P*| > IP1-P2I > \- (7.21) 
5 

Take the triangle Ap°p 3 p4 C t*. On the other hand, let 

P° = (p°,u(p°)),P 3 = (p 3 ,u(p 3 )),P 4 = (p 4) u(p4)) 

They form a triangle AP°P 3 P^ in 3-dimensional space t* x R. It is above the 
graph of u over Ap°p 3 p4 L . 

Now we cut the triangle AP°P 3 P^ by the horizontal plane £3 = u(p°) + a, 

i.e: 

A ff - {(6,6,6) G AP°P 3 P 4 |6 < u(p°) + «7>. 

Let A CT be the projection of A CT onto t*. It is easy to see that A a C S u (p°, a). 
By the similarity between triangles A a and AP°P 3 P4, we conclude that the 
upper edge has length at least er(10C5) -1 . It follows that 

wd 2 (S u (p°, a)) > wd 2 (A a ) > a(lOC 5 )-\ q.e.d. 

From the first two steps in the proof, we have the following corollary. 

Corollary 7.11 There is a constant Cq > 0, depending only on Ciq, such that 

|«a(p*) ~ Mp°)\ = \Mp*)\ < C 6 . 

Proof. Without loss of generality we assume that 6(pi) < 6(p*) < 6(^2)- By 
the convexity of u we conclude that 

u(pi) - u(p*) u(p 2 ) - u{p*) 

Upi) - Up*) - KP ' - 6(Pa) - Up*) ' 

Then Corollary follows from (|7TT7|l and (|7~20| . Thus, 

-IOC4 < u 2 {p*) < IOC4. 
Back to the proof of Theorem I7.8[ we have 

Lemma 7.12 The Euclid volume of fifc = S Uk {p° k ,o~k) has a uniform upper 
bound. 

Proof. First we claim that there is a constant Cg < N such that 

Tj x (Q k ) C B C9 {f). 

Note that Bc 9 {l°) cCxC with the coordinate system (21,102). We omit k 
again. Note that for points in V u (fi), this is true. It remains to consider the 
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distance for points on the fiber over points in V u (f2). Our discuss is taken place 
on affine-log coordinate chart. 

Suppose that 

3° = (x?,z!,0,0). 

On the one hand, by the definition of So and (|7.f f [) we can find a point z a = 
(-00, X?, 0,0) S B 2 {f) with (-00, x%) G 5 such that 

h2{z a ) < ^ (7.22) 

This says that the metric along the torus of 7/2-direction over z a is bounded. In 
fact, If this is not true, we have /22U0 > Jo- By a direct calculation we have 

/ \ffoidxi > I \dx 2 = |. 

•/So J So 4 ^ 

It contradicts to (|7.11l) . On the other hand, let p a = Tf(z a ), then p a G t| and 

,. 11 ,. "22 ,. £l«22 n 

lim u — hm 5- = hm — ■ — — 5- = (J. 

i-^p" ?^p° U11U22 - U12 (1 + ?lVll)U22 - ?1«12 

Hence 

/ii(^ Q ) = 0. (7.23) 

This says that the metric along the torus of j/i-direction over z a is bounded. 
Now consider any point 

z = {x 1 ,x 2 ,yi,y 2 ) 

over z — (xi, X2, 0,0) £ V"(0). We construct a bounded path from z to 3 as 
the following: 

(i) keeping y coordinates, move "parallelly" from z to the point (— 00, x 2 , J/i, 2/2) 
ouer z™, denote z a = (—00, x 2 ,y\,y 2 ); 

(ii) move along the fiber over z a along y\- direction from 'z a to the point (— 00, x% , 0, 2/2), 
denote z a — (—oo,X2,0,y 2 ); 

(Hi) move along the fiber over z a along y 2 -direction from z a to z a ; 
(iv) keeping y coordinates, move from z a to 3 . 
By a direct calculation we have 

d{~z,f) < d{z,z a )+d{z a ,~z a )+d(~z a ,z a ) + d{z a ,f) 
< 2 + db + An + 2 := Cg. 

where we used (|7.22j) and (|7.23p in the second inequality. The claim is proved. 

Since the Ricci curvature tensor is bounded, by the Bishop Volume Com- 
parison Theorem we have 

Vol{rj\n)) < Vol(B C9 (3°)) < C10 
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for some constant Cio > 0. By a direct calculation we have 

4Tr 2 Vol E (n) = 4tt 2 / d^ 2 
Jn 

= [ [ det ( d / ) dx 1 dx 2 dy 1 dy 2 
= Voi^ 1 ^)) <Ci , 
where ^oZs(^) denotes the Euclidean volume of the set ft. q.e.d. 

Wc have the following consequence, 
Lemma 7.13 There is a Euclidean ball Dr(0) such that for any k 

S Uh (p k ,C B ) C D R (0). 

In particular, 

n k c d r (o) 

and 

\ZM)<R, \ZM)<R. (7.24) 

Proof. Since wdi(fl k ) is bounded below, let a n be the bound. Let 

&k = S Uk (p° k ,\u k (p° k )\ + C 5 ). 
Then by the convexity of u k and the similarity we have 

voi E (n k) < { ^A^ voi E (n k) 

(l + dCtfVolE^k) (l + CiC 5 ) 2 C 10 

- S 2 - 7T 2 (5 2 

Note that p = (0, 0) G Q fe and 

wd l (& k ) > wdi(Vl k ) > c in . 

Then there is a constant R > independent of k such that for any p <G £lk 
Mp)\ < f, fori - 1,2. q.e.d. 

Lemma 7.14 There is a constant Cn > independent of k, such that for any 

|«i|(p) + K|(p) <C n - 

Proof. Note that 

| ^ |2 = e » 1 + £L !ttf2 |2 < 1^2+4^ 
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We only need prove that X\ and \x^\ are uniformly bounded above. Set 

/ = / - !^-(9i)(z2 - i 2 («i)) - /(<Zi), / = / - %f-{z*)(x* - x 2 {z*)) - f(z*)- 
0x2 ox 2 

Then 

/(«i) = inf/ = 0, /V)=inf/ = 0. 
Using Lemma T6.5I we have 



1/(9) - f(qi)\ < N lt \f(q) - f(z*)\ < N x . (7.25) 
for any q € B$($°), where Ni = exp{20\/Cio}- Note that 

/=/+(6(p*)- &(pi))x2 + d , 
where d =^(p 1 )x 2 (qi))-f(qi)-^(p*)x 2 (z*) + f{z*). Then by £2S) we have 
2^Vi > |/(?) - + - /(9i)l 

> |6(p*) - - i a («/)| - - /V)l 

> (7-26) 

where we use (|7.20p and (|7.25p in the last inequality. It follows from (|7.26p and 
Corollary [7TT1 that 

\x 2 {q)\ < Ms*)] + 3(Wi < C 6 + 307Vi = N 2 (7.27) 

for any q£ B$(}°). 

Let q € Bg,(p°) be a point with uAq) — max u\. Then 

Xi(V u (q)) = max x\(p). 

Set u — u — ui(<?)£i — U2(q)£, 2 - Then = inf u. As in the Step 1 of Lemma 
17.101 we have u(p*) — u(q) < C4. Since u(q) = inf u, we conclude that 

C 4 > u(p*)-u(p°) 

= (u(p*) - u(p°)) + Ml (g)ei(p°) - « a («)(6(p*) - 6(p°)) 

> «i(g)Ci(p°)-iV2|6(p*)-6(p )|. (7.28) 

where we use (|7.27l) and u(p°) = inf it in the last inequality. By Lemma [7.131 
and (|7.24[) we have 

MP*)\<R, MP°)\<R, MP*)~h(p°)\<2R. (7.29) 

Substituting (EMI) into 1(735) and using £i(p°) > C^ 1 > we have 

zi(V"(<7)) < Cia 

for some constant C12 > independent of fc. Hence on Bg(%°), \z\ is uniformly 
bounded above, q.e.d. 
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7.3 A convergence theorem 



We will use Theorem 17.81 to prove a convergence theorem. 

Theorem 7.15 Let (uk,p1,pk) be a sequence of bounded-normalized triples. 
Suppose that lim^o IS^Ufc)! — > 0. Then 

(1) . Uk locally uniformly C 3 ' a -converges to a strictly convex function Woo in 

BN_{p° k ) l~l (h* \ ta); t/ie similar conclusion can be stated in Uh* \ 2. 

(2) . l* k converges to a point 3^ and f k uniformly C 3 a -converges to a function 

/oo m -D ai (3£o). -ffere a! is ifte constant in Theorem \6.1(A 

Proof. Applying Theorem l7.8l and Lemma l3~4l we conclude that fi^ := S Uk (p k , Ofc) 
are L-normalized, where L is independent of k. Then by Theorem 13.61 and Re- 
mark [3?7](1) is proved. 

By Lemma OH and i? 7 (3 * ) C B 8 (%°) we have, in B 7 {f), 

\z\ < C n , JC{z) < 4, C- 1 < W(z) < C (7.30) 

for some constant C > independent of k. Here we use the fact that W(i°) is 
bounded due to (1). By adding a linear function we can assume that /(3*) = 
infcxc* / = 0. 

Note that the geodesic distance and (|7.30l) are invariant under the trans- 
formation of adding a linear function. We get / satisfies the assumption in 
Theorem 16.101 By Theorem 16.101 with C\ — Cn + 4 + C, a = 4, we conclude 
that fk uniformly C 3,Q -converges to a function /oo in D ai (3^) for some constant 
ai > independent of k. ■ 



7.4 Proof of Theorem 17.11 

Put 

w ***B.<u)n* t W n ( + || V l g|5(/)|f). 
max Bo ( Jo ) W ' 

Suppose that the theorem is not true, then there is a sequence of functions fk 
and a sequence of points 3 fc £ B a / 2 ($o) such that 

W k Hk{ik)a 2 00 asfc^oo, (7.31) 

where Wk '■= Wf k ,7lk = Hfk- Note that Wk < 1- We apply the argument in 
Remark |4. II for the function 



F k (z) :=W k TZk(z)[d fk (z,dB a ( }o ))} 2 

defined in B a ($ ), the geodesic ball with respect to the metric ujf k . Suppose 
that it attains its maximum at z k . By (I7.31|) we have 

lim F k {z° k ) -> +00. (7.32) 

k— >oo 
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Put | 

d k = -d fh (z%,dB a {$ )). 

Then in B dk {z° k ) 

n k <m k {z° k ). 

Let z* k e Z be the point such that d(z%, z* k ) = d(z k , Z). Then 
Lemma 7.16 z* k £ B dk (z%). 

Proof. Since TZ k {z°)d 2 k -> oo and 1l k (z°)d 2 (z°, Z) < C 5 , (cf. Corollary KB 
and Corollary I4.6I ) we conclude that z k £ B dk (z k ). q.e.d. 

Let q k , q^, ... be the points of the image of z kl z k , . . . under the moment map 

Now we perform the affine blowing-up analysis to derive a contradiction (cf. 
section ITTTj) . We take an affine transformation as in Lemma [7731 by setting 

a k =f3 2 k =K(z°), r, k = log a fc + log l¥(z*), 

and b k = c k = ^ k = 0. Then we assume that the notations are changed as 
u k -> u k ,f k -> fk, dk -> dfc and etc. 

Claim: 

1. a/c — > oo, dfc — ?> oo as fc — )■ oo; 

2. = 1 and K k < m k {z° k ) = 4 in B Jjb (fg); 

3. lim max \Sk\ = 0, 

k^oo B Jk (z°) 
4- W(~Z* k ) = 1; 

5. lim max ||V<Sfc||f = 0; 

6. Wl ,2 ^> k -> in S 4/2 (5 fe ). 



Proof of claim. (1-4) follows from Lemma [7731 For (5) we use the fact |V5| = 
|VlogS||S| when 5^0. Now we prove (6). By Lemma lOl in B^ k ^ 2 (z k ) we 
have 



Wl /2 ^! k < C( max W k ) 

B d,A z D 



1/2 



max 



(i 



S k \ + HVSfc 



1 2/3 



Then we get 



( max Wk) 1/2 max|S fc | < {W k )~ 1/2 ll^)- 1 max |5 fc | < (W fc ^(4))" 1 max |S*| -> 0; 
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( max Wjfc) 1/2 max||VS fc ||3 < (W fc )~* ft(«fc)~* max \S k \i < C(WTZ(z^))-i -> 0; 
( max W^fe) 1 / 2 ^ 1 < (W k K(S°)dly 1/2 -> 

and so is (max B . j^j Wfe) 1 / 2 ^ 2 . Hence (6) is verified, q.e.d. 

In particular, by (6), we know that for any fixed R, then for any small 
constant e > when k large 

l-e<W k (z) <l + e,Vz E B R (z° k ). (7.33) 

To derive a contradiction we need the convergency of f k ■ We omit again the 
index k. By Lemma 17.171 below, we can find a point i° in JE^z*) such that 
d(i° , Z) = c. For simplicity, without loss of generality, we assume that c = 1 
and d(%°,z*) = 1. Let p° = r/(3°). To apply Theorem 17. 15| we need following 
preparations: 

• by affine transformations in (|7.4j) with A = a = 1, we can minimal- 
normalize (u,p°,p)(cf. section I7T2")) . 

• since it, IC, St and W(z)/W(z') for any z, z' 6 Bn(z°) are invariant under 
these transformations, the bounded condition is certainly true by the claim 
and dZHSJ). 

After this transformation, we assume that the notations are changed as u — ¥ 
u, d — > d and etc. In this way we get a sequence (u kl p kl p k ), that satisfies the 
conditions in Theorem 17. 151 We discuss two cases. 

Case 1. There is a constant C > such that d{z%,zl) > C". Then by 
K k (z°)d 2 (z°, Z) < C 5 and K k {z°) = 1 we have 

C'< d(z° k ,zi)=d(z° k ,Z)< v/Q. 

Applying (1) of Theorem 17. 151 we conclude that z£ converges to a point z^ and 
u k uniformly C 3 '°-converges to a function Uao in a neighborhood of t/(z^q). 

Case 2. lim d(z k , z k ) = 0. Applying (2) of Theorem 1 7 . 1 5 1 we conclude that z k 

k — foo 

converges to a point z*^ and f k locally uniformly C 3, "-converges to a function 
in the ball D ai (z^). Then z£ converges to a point z^ and f k locally uniformly 
C 3,Q -converges to a function in the ball D ai (z^). 

Hence for both cases we have z£ converges to a point z^ and f k locally 
uniformly C 3, "-converges to a function /oo in a neighborhood of z^, and 

W = const., * = 0, C^ 1 < ffj < Ci, (7.34) 

in a neighborhood of z^, where Ci > is a constant. Here (|7.34[) follows from 
(I7.33P and the C 3,Q -convergence of f k . 
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Claim: lim max II V log \S(f k )\ B =0. 

Proof of claim. Suppose the affine transformations from u to u are ( we omit 
the index k) 

ii = a£i, 6 = 0(6 + 7), u(£i,6) = au ((a)" 1 ^, (P^fa ~ 7)) - KO, 
where 7 is a constant and Z(£) is a linear function. Obviously, 

lim ak = +00. (7.35) 

k— >oo 

From the C 3,Q -convergence of //., we have in the ball B^iz^) 

W + W<CJ, (CO" 1 < < Ci (7.36) 
for some constant C£ > 1. Then in tfl B^iz*), in terms of coordinates x\,X2, 

It follows that 

C^<^<C 2 , \uV\<C 2 (7.38) 

for some constant C2 > independent of k, where (u u ) is the inverse matrix of 
the matrix (^-). By g| = and g|| £nr/(Ba(3o)) > N" 1 we conclude 

that 

— > Nb x C 2 \ 

It follows from (17"35l) that 

lim /3 fc = +00. (7.39) 

k— >oo 

Since 

1 1 v io g 1 .sc/) 1 1 1 ^ 1 1 v log |.s (/) 1 1 1| ^ ^ ^ ^ ^ lQ %f (/) 1 ^ lQS 'f (/) 1 . 

and 

by ([735]) . (17T3"8")) and ([TTM)) the claim is proved. 

Combing this claim and TZk(z^) = 7Zk(z%) we get, for k large enough, 

iCk(z° k )>l-e. (7.40) 

Note that 

d l+ iS{u) , rW/5rJ d i+ ^S(u) 



(a)" 1 " 1 ($~Y 
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Then by ([7^5)1 . (jT^l) and \\S(u k )\\ C 3 {A) < N 5 we have 

lim ||5(ufe)|| C 3 = 0, 

k— >oo 

where ||.||c 3 denotes the Euclidean C 3 -norm in (^1,^2)- Then, by the regularity 
theorem, f k C 6,a -converges to foo in a neighborhood of z^. Then by (|7.34[) we 
have K, = 0. This contradicts to ([730]) . 
The theorem is proved. I 

Lemma 7.17 Let z* g Z . Suppose that in B 2 (z*), 1C < 4. TTien t/iere is 
a constant c > 0, independent of f , such that there is a point z° in B\(z*) 
satisfying 

d(z°,B 2 (z*)nZ) =c. 
Obviously c < 1. Hence d(z°, Z) = c. 

Proof. Without loss of generality, we assume that the w-coordinate of z* is 

xi = -00, yi = 0, x 2 = 0, y 2 = 0. 

Recall that t is identified with t x 2^—1(1} of Uh*. Then when we consider 
#2(2*), we restrict ourself on B2(z*) n t. Similarly, when we consider Z we 
treat it as the line t 2 — {x\ — — 00}, which is the dual to t 2 (when treat Z as a 
1-dimensional toric manifold). 

If the claim of the lemma does not hold, then there exists a sequence of 
function f k such that: for any point z £ dB[ k \z*) 

d(z,B { 2 k) (z*)nZ) < y. 

k 

Let z k E B ( 2 k \z*) n Z such that 

d fk (z,z k ) = d fk (z,BW(z*)nZ)<± 

Then 

l-\<d fk {z\z k )<l + ^. 

Let A k — B[ k \z*) (~]t 2 and split it into according the sign of a^-coordinate. 
Define 

A± = {zedB 1 (z*)\d(z,(At))<Vk}- 

Then A^ are non-empty and are close subsets of a dB[ k \z*). Since they cover 
dB[ k \z*), their intersection is non-empty. Choose a point z£ e .Ai" n A^. 
Choose two points z^ € A^ such that d(z^,zt 1 ) < 1/k. We normalize the 
function f k by adding a linear function (cf. Section 17.11) such that it achieves 
its minimum at zi. We denote the function by fj^ respectively. 
Then we have following facts: 
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Fact 1: \fk(z + ) - fjt( z ~)\ < ck ~ l f or some constant C. In fact, by (|6~%]l 
and the assumption, we have 

| log(l + /±)(*+) - log(l + /±)(^)| < VcT Q d(z+, 
It follows that 

\fk(4) - /*(**)! < ) < ok- 1 . 

Fact 2: let f£ = f^\z and d denote the geodesic distance on i 2 with respect 
to G j± . Then d(z^,z^) > 1 when k large. In fact, 

d(z±,z*) > d(z±,z*) > 1-1/k. 

We omit the index k for simplicity. Now we focus on / . By changing 
coordinate on x 2 we may assume that 

x 2 {z + ) - x 2 {z~) = 1. 

Set X2 — X2{z ± ). Then 

1 < dP(z+,Z-) < (^J* 2 Jfidx^j < £_ j±dx 2 < \ft(z+) - ft(z-)\. 

We summarize that we have two convex functions / on the unit interval 
[x^~,xj] that are different up to a linear function and they have the follow- 
ing properties: 

• |V/+(4) - V/+(x 2 -)| > 1, |V/"(4) - V/-(x 2 -)| > 1; 

• l/ + (4) - / + (*2 )l -> 0, |/-(4) - /" 0, as k -> 00; 

. v/+(4) = o,v/-(^) = o. 

This is impossible as fe large. We get a contradiction, q.e.d. 
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